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ABSTRACT 


The object of this research has been to develop a suitable mathema-~ 
tical model (computer program) for the prediction of the dynamically 
developed force under the bow of an icebreaker during (or resulting from) 
encounter with virtually unyielding ice. 


The selection of characteristics for polar icebreakers has been 
primarily based on experience. Some analytical work has been done on 
uninterrupted progress (steady icebreaking). Essentially there has 
been only one analysis of the force reswi.ting from ramming, which 
represents the primary maximm capability of a polar icebreaker. The 
validity of that particular dynamic analysis is doubtful because of the 
use of undefined losses and an improper resolution of the impact (crushing 
phese). No other approach has been made, until now, to the dynamic 
aspects of icebreaking. 


This solution is based primarily on Newton's Laws of motion. The 
problem was broken down into two basic phases. The crushing phase 
represents the local crushing of the ice to accommodate the bow. The 
sliding phase represents the sliding-up of the bow without further 
erushing. The final state represents (temporary) equilibrium when 
motion has stopped; the vertical force at the bow at this state is rela- 
tively sustained and is the most effective in breaking the ice. 


The predictions of ship motions, as well as the forces, are produced 
by the computer program. These predictions have been compared with 
Observed motions of a fill scale poler icebreaker and have been found 
valid. 


As @ result of studying the effect on the downward force of the 
various characteristics of a polar icebreaker, the following selections 
and uses ere recomended if greater downward force is to be attained: 
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ABSTRACT 


The object of this research nas been to develop a suitable mathema- 
tical model (computer prosrem) for the prediction of the dynamically 
developed force under the bow of an icebreaker during (or resulting from) 
Smcouncer Wito- vc puelly unylei cing Vee. 
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primarily cased on experience. Some analytical work has been done on 
uninterrupted progress (steady icebreaking). Essentially there has 
feeen Only One analysis Of the Porce resulting Prom ramus, wa eo 
mepresents the primary maximum canability of a poler iceoreaker. Tic 
validity of that particular dynamic enalysis is doubtrul because of the 
use of undefined losses and an improper resolution of the impact (crushing 
phase). No other approach has been made, until now, to the dynamic 
eepccts O: icebreaking. 


This solution is based primarily on Newton's Laws of motion. The 
HrOolem wes broxecn down into two basic phases. ihe crushing ohase 
menmrcscnts the local crushing of the jce to accommodate the pow. Vv Tne 
sliding phase represents the sliding-up of the bow without further 
crushing. The final state represents (temporary) equilibrium when 
metion has stopped; the verticel Force at the bow at this state is rela- 
eeevciy Sustained and is the most errective in breasing the ice. 


Tae predictions Of Siiip motions, as well.as the forces ,“ere produced 
by the computer program. These predictions have been compared wath 
Seserved motions of a full scale polar icebreaker and have becn found 
valid. 


AS 2 result<of Studyine the elfect on tnc downward 2Orce 1 oi cae 
Wearteus charactcristics Of a polar icebreaker, the following sciections 
and uses are recommended if greater downward force is to be attained: 
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Large displacement 

High impact velocity 

Small bow angle 

Smell spread angle complement (blunt bow) 
Small block coefficient 

Lerge waterplene coefficient 

High beam-to-dreft ratio 

Low kinetic friction 


It is vital to realize that the selection of characteristics to 
improve downward force leads (in almost all cases) to a worsening of 
the thrust requirement for extraction. 


In order to reduce the problem of extrection, without reducing the 
downward force, the following selections are recommended: 


Low static friction 
High backing bollard thrust 
Small spreed engle complement 


Model tests having dynamic similitude may be run using geometrically 
similar models with a Froude Werber equal to that of the ship at impact. 
It is necessary that the model “ice” have a compressive failure stress 
equal tc that of the ice divided by } ; 
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I_INTRODUCTION 
Generel. 

There exists today an increasing need for icebreakers, icebreakers 
which are well designed on the basis of good technology as well as ex- 
pericnce. There is now an abundance of experience to rely on. However, 
relatively speaking, there is a shortage of analytical thought and under- 
standing of the basic mechanics of icebreaking. More work along these 
lines is desired and needed. 

Iicebreakers cen be defined as vessels which are specifically designed 
to break ice. Frequently they serve many other purposes but for the seke 
of definition it is best to keep in mind that the primary fimction is to 
be @ble to break ice. Furthermore, icebreakers can be categorized in 
many different ways. In the simplest sense let us divide them into two 
categories, poler and sub-polar. It is to be implied from this that the 
polar icebreakers are for the real heavy-duty work. Operation of this type 
of icebreaker eventually means encountering ice which cannot be penetrated 
by the icebreaker. It may be because of rafting, where sheets of ice 
build on one another due to the pressures of wind, water, and/or ice or 
it may be thet the ice is simply too thick and/or too strong. There can 
guite easily be the case where the ice is a monolitiiuic sheet extending 
from shore to shore in which case even moderate thicknesses may be 
sufficient to stop progress. Snow covering can make penetration sintler 
fighting one's way through @ room full of pillows. At any rate, any 
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polar icebreaker will eventually face the day when it will not be able 


to force its way through the ice - or has already faced that day? 


Maxtmim Capsébility 
Naturally it is very desirable to attain the greatest capability for 


& given investment. What is this greatest capability? It can be measured 
in many different ways depending upon the purpose for which a given ship 
is intended. Capability for a passenger ship would be measured by dif- 
ferent standards from those of a tanker. Likewise the most important 
criterion for a successful polar icebreaker is different from most ships; 
it is primarily the ice it is able to break through. Other items natu- 
rally take on importance too such as the breadth of the channel formed 
and even the size of the broken pieces of ice left in its wake. Most 
important though is its ability to impart e relatively sustained force to 
the ice in the vertical direction. 

For illustration let it be assumed that two polar icebreakers exist, 
icebreakers A and B. Assume thet they each are about the seme general. 
size, have similar propulsion means, and represent equal investments. Each 
of them perform an identical mission . Each of them can open up a harbor 
in Greenland in late spring. Each of then succeeds in escorting supply 
ships to Artic or Antartic bases. Each of then is costing about the same 
to operate and each is earning its keep, so to speak. In other words, up 
to this point each is performing its mission. Then one day they are 
assigned to the task of opening a polar harbor in mid spring. The ice 
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conditions are severe. Icebreaker A can break through even though it is 
necessary to ram the ice, back off and ram again, breaking away large 
sections each time. Even though the progress is not smooth and steady, 
there is progress and icebreaker A accomplishes its mission. On the 
other hand, icebreaker B approaches these same ice conditions and it is 
found that, even by ramming, icebreaker B cannot break off any ice and 
makes no progress. Icebreaker B has failed in this particular mission. 
It is not a question of partly succeeding in this mission; it is simply e 
question of success or failure. 

One may say that icebreaker A was designed better since it obviously 
performed better. What made its design better? It was able, under ramning 
conditions, to develop a greater downward force under the bow. It may 
seem obvious but it must be stated that since the illustrated ice condi- 
tions, whatever they may have been, were identical, the difference in the 
ebility was inherent in the ship. 

If one were to design an icebreaker at this point he would naturally 
duplicate or improve the design of icebreaker A, thereby quite rightfully 
utilizing the experience gained. Along with this 1t would be desirable to 
understand why icebreaker A was better. To do this it would be necessery 
to understand the mechanics of what is happening. If one were to analyze 
the mechanics of the problem then it would be possible to predict the best 


performance for a given investment. 
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Note that the thickness of ice to be broken is not a necessary part 
of the answer. As any who have been engaged in icebreaking know, a given 
icebreaker may be able to break through ten feet of ice in one location 
where there {s not complete coverage or where there may be some deteriora- 
tion. The same icebreaker may not be able to break through five feet of 
ice the seme day in a different location where there may be complete 
coverage and the ice may be land-fast. So it is quite misleading to 
indicate that a certain icebreaker can break through a certain mumber of 
feet of ice. To compare the ability of one icebreaker to another it is of 
much more value to state what magnitude of relatively sustained downward 
force can be generated at the bow as a result of ramming. Although other 
items are of importance also, ultimately the most important answer lies 
in that value. 


Parameters 





It is necessary to determine how the parameters involved effect this 
answer, the downward force resulting from ramming. The problem is complex 
and is a function of the form of the ship, the displacement, the thrust, 
the location of the center of gravity, physical properties of ice, and 
perhaps other variables. It would seen that the angle the stem makes rela- 
tive to the ice and the angle of spread of the waterlines at the entrance 
would be important parameters of ship form. ‘Same answers would appear 
Obvious at first glance. Increasing thrust and displacement would increase 
this downward foree, but to what degree do they effect it? 
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Ultimately other questions must be considered. Let it be assumed 
that the bow angle and other parameters are chosen such that @ maximm 
downward force would exist. If the ice does not yield, except locally, 
the velocity will become zero, the ship will have reached its farthest 
point of sliding up on the ice. Is the static friction at this point so 
great that the ship cannot back offf This is obviously an important con-~ 
sideration and limitation to free choice of paremeters. 

Table I lists most of the icebreakers constructed. Although not all 
of them are to be considered polar icebreakers, it is interesting to note 
the relatively large variation in the selection of parameters. In recent 
years there has been a strong tendency to set the bow angle at or near 30°. 
The bow angle is the angle from the design waterline to the stem. This 
choice is based on one, and only one, good reason; it has worked. It is 
interesting and significant to note that there has never been an analytical 
attempt to justify this choice. 


Mechanies of Icebreaking; Terms 
Sane discussion of terms to be used is in order. The methods of 


breaking ice with an icebreaker can be expressed fundementally in two ways. 
The bow of an icebreaker is sloped so that there is a downward component 
of force produced on the ice. It is this vertical component which is 
effective in breaking the ice since the ice is significantly more vul- 
nerable to e force applied in this direction, perticulerly when sustained. 
The horizontal component, even the horizontal wedging action is no where 


Geert "i Cf fem © Se mee Ted | ite 7, 
cite 4 ce Cee ee OE ee ee ee ED Awe tue bee et! ee 


tide sper  Aleds es bw @ 1 rot YH Se ie | 





ee) wh eee eee Ce ee Se! ee eee) CS shea Sy td 
8 ee a fe OTST Oke) oe 8h by od mm mt BARS to Adil 
<< toepe & heo At eat? Pte he eee fe oe Ge tee 
Sa ey G) weds erie en etere: me Dotto 

TAS for, Quire peru) Pisdewns! ore We poe weal ope 
ore OF kT A Ik RR RLY BSA) OY ot ome eee Be 
— PRR OSG $s Gh ae 
Se em ne ae ned ale Oe om ken erty meee es et 
wet came a oe ee eeiew er) eit eel cigee wee 4 co eer 
ee ee ee ee ee ee 
LaneT yy a aod tiem ant Pea MOK! toe of Settee One 
_ stom Ae Chat, ot Rea 


















ee ee ee Le ae 
ae 


a 





TABLE I CHARACTERISTICS OF VARIOUS ICE -BREAKERS 


Name 
Home port 


Year built 
Where built 


CHARACTERISTICS 
Gross tonnage, registered 
Net tonnage,registered 
Length, overall] 
Waterline length 
Maximum beam 
Waterline beam 


Depth,molded to weather deck 


Normal draft, d 

Maximum draft 
Normal displacement, tons 
Macsimum displacement ,tons 
Stem angle to waterline 


Murtaga 
Helsingfors 


1890 
Stockholm 


Angle gf normal to bow plating 
and 


plane 


Flare amidships at waterline 


Complement 
Speed, knots 

HULL COEFFICIENTS 
Block 
Midship 
Waterplane 
Longitudinal 
L.0.A./B,maximum 
L. W. L. /B, waterline 
a/B, waterline 


ree 
a! (o5 
PROPELLING MACHINERY 


No. shafts 
No. forward 
No. aft 

FORWARD ENG 
Horsepower , . normal 
Horsepower, forced 
R.P.M. 

AFTER ENGINES | 
Horsepower, - normal 
Horsepower, forced 
R. P.M. ,normal/maxtmm 

Total horsepower, normal 

Total horsepower, forced 

Cruising radius 

Ballast pumps 


Total capacity,tons per hr. 


Capacity of trimming tanks 


Thickness of ice belt plating,in. ... 


Frame spacing 
LCF aft of FP 


=, 


Stadt 
Reval 
Reval 


1895 


otettin 


576 
43 


148'-8 1/2" 
147'-3 Sy 
38'-21' 


& - Indicated horsepower unless otherwise stated 


Isbrytaren 


Gothenburg 


139'-9 1/2" 


134'.0" 


1200 
Lo 

102 
1200 
14hko 


2000 
2600 

10 
2000 
2600 


1100/1750 1100/2200 
ik iL 


1000 
Loo 


Nadeshni j 
Vladi - 


2475 
3530 
95/106 
2475 


3530 
1560/2040 
1 


1000 
LOOO 


=o 


Gai damak Sampo 


Bi zerte Helsing - 


fors 
1898 1898 
Kiel New- 
castle 
724 1339 
91 
198'-7" 202'.0" 
163'-0" 191'-6" 
hat.g" 43tot 
ho t aa ho f =O) rT 
18'~0" 29'45" 
fiat ot 1683" 
16'-o" _ 
1030 1850 
1065 
30° 2.29 
39 43 
i / 13 10/13 
0.438 O. 447 
4.73 4.70 
3.93 4.56 
0. 296 0.435 
237.8 263.4 
Steam steam 
recip. recip 
aL 2 
O iL 
iL 1 
1200 
1417 
90/97 
1300 1300 
19h0 1635 
83/94 80/86 
1300 2500 
1940 3052 
Wis 1404 
aL ak 


Apu 


Helsing-~ 
fors 
1899 
Kiel 


568 

326 

Lyk to" 

141 '-9 1/4" 
35*-6" 
34-9" 


52°/70° 


3/2 


18.5 


0.452 


4500 





TABLE I(cont) CHARACTERISTICS OF VARIOUS ICE-BREAKERS 


Name 
Home port 


Year built 
Where built 


CHARACTERISTICS 
Gross tonnage ,registered 
Net tonnage ,registered 
Length ,overall 
Waterline length 
Maximum beam 
Waterline beam 
Depth,molded to weather deck 
Normal draft, d 
Maximum draft 
Normal displacement, tons 
Maximm displacement, tons 
Stem angle to waterline 
Angle Qf normal to bow plating 

and E plane 

Flare amidships at waterline 
Complement 
Speed , knots 

‘ULL COEFFICIENTS 
Block 
Midship 
Waterplane 
Longitudinal 
L.0.A./B,maximm 
L.W.L. /B,waterline 
d/B,waterline 


3 
A/ (Fo) 


PROPELLING MACHINERY 


No. shafts 
No. forward 
No, aft 

FORWARD ENGINES 
Horsepower , | normal 
Horsepower, forced 
R.P.M. 

AFTER ENGINE 
Horsepower , normal 


a 

Horsepower, forced 
R.P.M. ,normal /maximm 
Total horsepower , normal 


Total horsepower , forced 
Cruising radius 


Ballast pumps 

Total capacity,tons per hr. 
Capacity of trimming tanks 
Thickness of ice belt plating,in. 
Frame spacing 


Jaakarhu 


Helsing-~ 
fors 
1926 
Rotterdam 


1900 
150 


N.B. 
McLean 
Ottawa, 
Canada 
1929 
Halifax 


a Indicated horsepower unless otherwise stated 


Store 
Bjorn 
Copen- 
hagen 
931. 
Aalborg 


1393 
509 
196-10" 


180 '-5 1/h" 


4gt-y! 


46'-10 3/4" 
23'-11 1/2" 


Ymer 


Stock 
holm 
1932 
Malmo 


3053 
D)o, 


Gota 
Lejon 


Gothen- 


burg 
1933 


Gothen- 


burg 


1355 
151 


J.Stalin 


1937 
Leningrad 


257 *-10 5/8" 183'-8 3/4" 350'-9" 


b Ice-breaking or towing 


246'-0 1/4" 173'-10 3/4" 335 '-0" 
63'-\" hots" ie 76'.0" 
61'+O 1/2" 46'-11" 7T4ht-6" 
33'-0' 28'-2 5/8" 30'-0" 
ZAlLE 6 fa 20 '.9" 26'~3" 
es ee 29'.8" 
34.65 1900 9300 
4350 ee 11,000 
25° 23° 30° 
47.8 
189 20° 
42 30 142 
ea, 7 ae ISVS 
O. 364 0. 408 0. 498 
0.801 xe nee 
Onve> =e ae 
0.593 a oh 
4,07 3.75 4.61 
4.03 shat 4.50 
0. 344 0.426 0. 352 
232.6 361.3 247.4 
Diesel Steam Steam 
electric recip recip. 
3 @ 3 
1 1 tae 
2 a: 
3000 shp 1300 
3300 shp 1500 
55 140 
6000 shp 2500 10 ,000 
6600 shp 2500 ae 
Lho 120 125 
9000 shp 3800 10 ,O00 
9900 shp 4000 
1 1 h 
200 1800 1755 
330 283 1791 
flee a 5 le 
ey" 20 tt 


-23- 


aisu 


Raritan 


Helsingfors Philadelphia, 


1938 
Helsing- 
fors 


443 
h, 18 
0. 345 
270.8 


Diesel 
electric 


3 
uf 
2 


1335 shp 
160 
2670 shp 


ho 
4005 shp 


Diesel 
electric 
1 
0 
al 


Diesel 
electric 


Diesel 
electric 
1 
0 


3333/0 
140-210 


6666/ 
10 ,000 


105>-145¢ 


103000 shp 
10,000 


10 ,800 


full power 


3a 
93444 
Bae 

5 
ae 


d Heeling pumps 


Diesel 
electric 


3333/0 
175-200 
6666/ 

10 ,000 
136° -170° 


10 ,000/ 
10 ,000 


Canadian 
Car Ferry 
Charlottetown, 

PB. 
1945 
Sorel , 
Que. 


7000 
4500 
372" -6" 
348 to" 
G1 *-0" 


249.9" 
19'-0" 


16.5 


6.11 





TABLE I (cont'd) CHARACTERISTICS OF VARIOUS ICE-BREAKERS 


Name Petr vainte 
Veliki j Marie 
Home port Riga Muskegon, 
(Sunk in Mich. 
1915) 
Year built 1912 1913 
Where built Gothenburg Toledo, 
oF 
CHARACTERISTICS 
Gross tonnage,registered 1267 2383 
Net tonnage ,registered 427 1620 
Length,overall 182'-1" 26/ "=" 
Waterline length 170° -7" 252'-0" 
Maximum beam 51'-o" 62!" 
Waterline beam 4B'-6 5/8" 54 t.8" 
Depth,molded to weather deck 27'55" 25-0" 
Normal draft, d 19'-1" 14t.9" 
Maximum draft a1'-h" a3 
Normal displacement, tons 1410 2567 
Maximum displacement, tons 1953 sere 
Stem angle to waterline 30° 
Angle of normal to bow plating 
and § plane 
Flare amidships at waterline 20° 
Complement 60 27 
Speed, knots 14.4 
HULL COEFFICIENTS 
Block 0,357 0.479 
Midship 0.708 Aes 
Waterplane 0.723 ar 
Longitudinal SAG Sis ; 
L.0.A. /B, maximum 3557 4.30 
L.W.L./B,waterline 8.51. 4, él 
ad/B, waterline 0.393 0.256 
be 1 
4/ (F56 32h. 152.8 
PROPELLING MACHINERY Steam Steam 
recip. recip 
No. shafts 2 c 
No. forward ak iL 
No. aft it cu 
FORWARD ENGINES 
Horsepower, | normal 1000 
Horsepower, forced Le5> 
R. P.M. 220/286 
AFTER ENGINES | 
Horsepower , | normal 2200 
Horsepower, forced 2660 
R. P.M. ,normal/maxi mum 130/143 
Total horsepower ,normal 3200 e500 
Total horsepower, forced 3915 re 
Cruising radius 1600 
Ballast pumps 2 
Total capacity,tons per hr. 2400 
Capacity of trinming tanks {OO Sees 
Thickness of ice belt plating,inc. ... / 1G 
Frame spacing als ye 


ouwr 
Tool 
Reval 


1914 
Sstettin 


2417 
822 


247 *-4k 1/2" 
236' -h 1/4" 


isbry 
taren II 


Stockholm French 
(mine laycr) 


925 


Pollux 


Mikula 


Selianinovitch 
Cherbourg 


1914 1915 1916 
Stock- Neweastle Montreal 
holm 
1651 1613 3165 
329 65 3 20k2 
200'-90" 220'-9" 292'-0" 
190'-7" 198'-1 1/2" 275-0" 
55'-10" 50'-6" 1h 
52'-6" nek me 
28'-8 1/2" 27'-6" 32'.o" 
20'-8 5/8" 19'-10" 19'-3" 
21'-6" -_ Bis 
2350 3100 
an 48 30 
20° sane 
24o ok 
4) 100. 90 
13.4 14 iG eS 
0. 397 
0.755 
0.530 Wis eee 
3.58 4.16 5.09 
3 03 oe ers 
0.39 
539-5 
steam steam Steam 
recip Becn ty. recip. 
2 2 2 
1 6) O 
i 2 2 
800 
1200 
220 
1800 OOO 8000 
2500 4300 a 
130 105 100 
2600 4000 8000 
3700 4300 eee 
1600 dss 
2 ballast oie 
1 salvage 


aAl= 


Leonid 
Krasin 
Kron- 
stadt 


1917 
New- 
castle 


5105 
2246 


323'-3" 
297'-0" 
71°*-0" 
70'-6 1/2" 
hy '-4 1/2" 


10,000 


10,000 


1000 


11/4" 
sae 


Stepan 
Makarow 
Arch- 
angel 


1917 
New- 
castle 


ee 
885 

2h8 1.09" 
236'-0" 
57'-0" 


308-4" 
ZANE Ge 


1550 
1900 
115/140 


OOO 
4700 
90/105 


DIDO 
eis 6600 

4250/8700 1600/4900 
5 ie! 


4. WO 


Vi oma 


Helsing- 


fors 


1917-1924 


Helsing- 
fors 


1510 
ral Oy ad 


200'=10" 
46'.7" 


454210 7/8" 


18t.9" 
16'-9" 


TAMIL I (conti) SAKACYLRI TIC! WR IOUS Icr-prelee 


r 


Name Diberville Bes Car. Slacier Lenin Mee Done” | im cw 
Caneda C! eG at 

Home port Canada eae HON USSR C-nada P 

Year built i 9 are he ar One Ly: 7 yx) lj 

Where built Le.:zon ilelsinsi Pi.sca- auzon ie’ sirnszi 


CIIARACTERE TIC: 
Gross tonnare, rezistered 
Net tonnage, resistered 
Length, overall 310! PA Bo pole.” ply) ! se! 200 | 
Waterline length 300! sae a, zo! “Oy Mae ac tha 
Maximm bean Cr ng totem "at = - 
Waterline ten. ve! Cm at Cy)! €9 79! 
Jenti, “oldaed Ot<3" we ait yy! et 
1ormal draft 
iMaximm areal 
Normal disnlacer.er.t, sons 
Maxiimim cisnliacement,tors 9959 ED) mR lf, >) te je teva Bei} 
otem entle to waterline : 
amgle if normel to tow » ating 
and £ nl ane, ier. D. ‘aut 
Flare amids:.ips at wetenbkinre i. ) 
Conmleme:.t iL if ) on) ai 
Snecd, “nots ae aa ae vs 
HULL COEFFICIENT. 
Block at) 7“ ond ; ) ie 
Midship on 
Waterplane d. 9 
Longa tudinal 
L.U.A./B, maxinun 
L.W.L./B, waterline a ee ed ho? st a 
a/B, waterline 
ee, 
4 G50? 
PROPELLING MACHINERY Steam Diesel Diesel i.e. ear Nerel Diese? 
Recip. Lect. rocet- irre scr ect... Biect, miect. 
No. shaits 
No. rorward - 
HoO.ranu 2 
FORWARD ENGINES 
Horsepower, normel 
Horsepower, forced 
RPM. 
AFTER ENGINES 
Horsepower, rormal 10,00 PALES 6.8) Poe oy 
Horsepower , :orced 
R. P.M. ,normal/meximm ie / 120, 17s Mm coos, 13017 
Total horsepower ,normal 10,300 “) 21.900 mo) Bh 0,8) ay 
Total horsepower, iorced 
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Ballast pumps 
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Capacity of trimming tanks 
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Frame spacing 
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near as effective since the structural shape of the ice is such that it 
can withstand tremendous forces in this direction. As an illustration of 
this, if one desired to break a pane of glass he would apply a force 
normal to the plane (causing e bending moment) rather than apply a force 
against the edge in the plane of the glass. 

in the simpler condition of uninterrupted progress, steady state, the 
icebreaker moves along maintaining a relatively constant velocity. Except 
for minor variations it can be considered that there are no accelerations 
involved. The other fundamental method is ramming. This is where the 
icebreaker backs awey from any contect with solid ice, proceeds forward 
so that there is a forward velocity at the time of initiel contact and 
strikes the ice with its sloped bow. The bow rides up on the ice and a« 
force is generated acting against the ice. Some of this force is the 
result of the thrust being applied by the propulsion; the rest of it is 
the result of converting the kinetic energy before impact to potential 
energy. The two methods then are uninterrupted progress, where any 
acceleration is negligible, and remming, where the acceleration (negative) 
is extremely important. All actual icebreeaking is done by one of these 
two methods or by something in between these two extremes. It should be 
epperent that rarming will lead to the greater force development since 
uninterrupted progress is, in a sense, @ minimm ramming situation where 


the accelerations have reduced to zero. 


it we & inmtw + ——--. heey ™ > ' aie? « = 


eT doi si) we melemte att? °) ete Gee oo eVe ee 
—“ae? = (oe > eel at? eee et 
Se pas en Teter Lie ait F ella) pee =P OO 
cht lg Se we anit ae id gat it ee 


gts gtete eer reer Metqncnae SV mise 6 ee oi a 
igaow role Gated Yirritares © pnisbtnien ok avy Tomo d 
westaeenioete ox aed Acad faci Loeb ceres SH lim FS TRAN eae we 
a eww ») (Deen & bares er ty Ws beret 
orerrd] avectomy oft (208 aris foe (an aot. ve ce tori 
Bee dwihsice’ CARSES! Ws emc> ett de DeLay beer 2 ar ocd fee OS 
o ie ek ee oe So) Ot we oe we beet #22 ate onl wot wade 
a’ bf cot? te oF oh wut soo feaaege cuties lectern 6 coset 
al 
caloreceg 2 tome Vis Games timed wit inden fe ISEME eae 
ese once eereeey Seomercetiins oe weed ghodiemn or Oe eee 
(evreayet)! eobterinns sill jr quinn: fina <oll.tgtigver ** aininminewe 
ee enous Timewce, af 
ed biveide 35 gemwiies cet sent momied Gt gulrifeecn qt at abecites Cue 
cate shiegaloyed nga winens wit ot hank hiv solemn Aaw snocegye 
euwhé moiaatie peitcemy meaciiie: Anam 2 pid jas Smmnneny Sealereenctals 
oye 0h Svashes rret embseuiDmee wi 


iF 


Methods 

Meny methods of icebreaking have been utilized with verying degrees 
of success. The earliest account of deliberate icebreaking was contained 
in remarks made by a British Rear Admiral in 186. (5) "T have had two 
years experience in remming the ice. Our vessels hed long oblique over-~ 
hanging stems to lift the bow over the ice. We struck the floe ice of 
about six feet in thicimess, end-on; a man at the bowsprit end dropped 
down on the ice and placed & boarding pike as a mark where the blow was 
given. The vessel backed astern, and then ran directly for the mark which 
had been placed on the ice; the men who was standing by the crack thus 
made picked up his boarding pike and placed it on the edge of the crack, 
so thet the vessel might be steered directly for it again, and the third 
time the ice opened and the steam tender towed the ship through; such was 
the constant practice. — We ran the vessel's nose dead onto the ice 
end did the ice more injury than the vessel, for the vessel never was in- 
jured during several years of such service." It is interesting to note 
that this very first account wes of ramming. Perhaps the object of this 
present research could be stated more succinctly in the words Felcher 
used, "Do the ice more injury than the vessel”! 

~ Prior to breaking ice using iron-clads another method had been used on 

occasion. (6) Ships would become beset in harbor ice end it became 
necessary to free them. Men would be recruited from the city in gangs of 
fifty to two hundred and they would be equipped with pikes and saws. With 


* Wumber indicates literature citation of Appendix D. 
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these tools they would clear 2 path from the ship out to open water. 

Even todey one of the more obvious methods of getting from one side 
of an ice field to the other is used. Go around, or at least minimize the 
contact with ice by following leads in the ice Meld. Even the largest of 
icebreakers is operated with that discretion. 

Another method has been used with some success, particularly on 
icebergs. Sections of the ice have been painted black using soot or some 
form of peint. These colored sections will absorb the heat very quickly 
and melting takes plece relatively rapidly in these areas. 

Although quite expensive, it has been found that firing torpedoes 
under the ice will either breek it completely or at least make it rela- 
tively easy for an icebreaker to penetrate. (7). 

- Most polar icebreekers carry explosives to use on the ice. Their 
effect on humocks or very solid ice is actually quite limited. However, 
when an icebreaker becomes stuck after ramming the ice an explosive charge 
may have the very beneficiel effect of jarring the ship and the ice enough 
to allow the ship to break free from the grasp of static friction and back 
or?. 

The Russians have utilized streams of water at the bow et great 
pressure to break and destroy the ice. ‘They have found this more switable 
than torpedoes. (8) 
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One of the most unusual and interesting approaches to the problen 
has been tried by the Russians and was published in an official magazine 
of the U.S.S.R.. (7) “An underwater explosion accompanied by an exceptionally 
bright bean of ‘Light acts particulerly strongly on ice. Very strong 
light, arlsing through water into ice, produces in it many tiny cracks. 
This was observed by the well-known English Bhysicist Tyndall more than a 
hundred years ago. The littie cracks lower the solidity of the ice to 
such an extent that, passing through the ice efter the light, the shock 
wave of the explosion relatively easily magnifies the cracks and destroys 
the ice." 

Although seemingly irrelevant, other less scientific approaches have 
been tried. In the winter of early 1959 an icebreaker was attempting to 
escort & small ice-protected tanker into a harbor in Newfoundland. The 
iee was quite solid and reached from shore to shore across the bey. The 
ieebreaker was repeatedly ranmed into and onto the ice. Heeling tenks, 
trimming tanks, and explosives were used. After one full day of frustra- 
tion the progress could easily be measured in inches. The Commanding 
Offieer decided to stop and relax for the night. The tanker was brought 
up astern and all hands joined in one massive bingo game, which lasted for 
most of the night. When light appeared the following morning it was 
quickly noticed thet during the night a lead had opened up all the way from 
the ship to the dock. The icebreaker and the tanker continued their trip 
without further opposition. However, it seems difficult to justify bingo 
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as a scientific method. 

Certainly the most commonly used method for polar icebresking is to 
use @ well designed icebreaker with the bow sloped such that it is 
possible to generate a significant downward force under the bow, parti- 
cularly as a result of remming. 


History of Icebreakers 
Although 1951 is given as the first year a vessel was built specifi- 


eally for breaking through ice, very little was ever published concerning 
it. Generally it is regarded that the first successful icebreaker built 
for thet express purpose was constructed on 1871 and was named appro- 
priately "Eisbrecher I". (9) 

It was constructed for the purpose of keeping the channel open fron 
Cuxhaven to Hamburg throughout the winter season. This icebreaker was 
130 feet long and had en engine of 300 ihp. The concept of design and 
operation wes then much the same as It is now. There was a sloping stem 
in order to get 2 downvard component. It was intended that the vessel 
progress as constantly as possible, but when pack ice was encountered the 
icebreaker wes to be hacked down and then ram against the ice at full 
speed. Jt had a rather tll bow with a sloping etem. This was fre~- 
quently copies in the years to follow and later it was modified to a 
Spoon-shaped bow, <A disadvantage with the full spoon-shaped bow was 
quickly discovered; if there was snow on the ice it would pile up ahead 
and. impede or stop progress. Small entrance angles and small stem 
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angles were advocated but not tried as many felt that this would be 

poor from a structural point of view. Propellers at the bow were also 
sdvocated at that time and were actually in use before the turn of the 
century. It is to be noted then that very large steps in thought and 


application were taken in the last thirty years of the last centuwy. 


Mathematical Expression of Icebreaking 
In order to see wnat has been done concerning the prediction of the 


downward force wider the bow, one need only to look back to the same 
period of time mentioned above. From then until the present only fowr men 
have left a deep impression by the development of a mathematical expres-~- 
sions for the mechanics of icebreaking. As will be seen, the first three 
did not develop an expression suitable for ramming; they developed 
equations for uninterrupted progress. 

R. Runeberg was the first to analyze the mechanics of the icebreaking 
process. (10) Particularly considering that he was wunable to base any of 
his work on previous developments, he did a remarkable amount. Some of 
this takes in the concept of renmming but unfortunately no useable equation 
for the downward force during remaing was developed. 

Even in 1888 he recognized that “the vertical component should be as 
large as possible" since this does the breaking. His equation for the 
downward force is redeveloped completely in Appendix A. 

His equation states that the downward force under the bow, Fay. for 
uninterrupted progress is a function of the following: 
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= Thrust available for icebreaking, LB. 


i, = Stem angle with reference to base plane, deg. 


6 = Angle with respect to the & plane of a normal to the shell 
at the bow, deg. 


f£. = Coefficient of kinetic friction between ice and hull. 


The downward force is expressed as follows: 


T,, (eos 4 cos 8 - f, sin i_) 


i od a «2 kl e 
BZ sin i, cos B +f cos i, (Ai2) 


Runeberg suggests the use of 0.05 for f.: 


The following assumptions were used for the development of this 
equation: 

1. There are no momentum effects. 

2. The forward motion through the water is effectively non-existent 
so that the thrust can therefore all be applied to icebreaking. 

3. Thrust was directed horizontally at all sid” 

4. The direction of friction force (slong the direction defined by 
the slope of the stem) remained the same during forward hori- 


zontal progress. 


1 
5. Trim, although it exists, is not great enough to affect the solution. 


% 
Numbers in parentheses refer to equations of the appendix. 


**% These assumptions were used but not stated. 
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His eguation was developed on the basis of the ship sliding up on 
the ice very slowly but it was intended to be used as a good approxi- 
mation for an icebresker making uninterrupted progress in the horizontal 
direction. 

Figure I shows a plot of the downward force under the bow versus the 
icebrenking thrust based on Rumeberg's equation for both the U.S.S. Glacier 
and the Stalin class of the U.S.5.R. For example, if a thrust useeble for 
icebreaking of 358,400 lb were developed by the U.S.S. Glacier, a downward 
force of 537,600 lb would be generated under the bow. ‘This represents 
the maximm available force downward for this given value of thrust. 

A. Kari was the second to analyze the mechanics of the icebreaking 
process. (11) Both the statics and dynamics of icebreaking was dis- 
cussed in his paper "The Design of Icebreakers”, but his equations for the 
downwerd force under the bow are of use only for uninterrupted progress. 

A complete redevelopment of his equations for the downward force is given 
in Appendix A. 

His equations state that the downward force under the bow, Fay? for 

uninterrupted progress is 2 function of the following: 


4 = Displacement, tons. 
L 


Length between perpendiculars, ft. 
and for equation (A25). 

at = Jongitudinal metacentric height, ft. 
or for equation (A26). 
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H = Draft, ft. 


C = Bet, x= GM, x H = 0.07 
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The downward force is expressed as follows: 





F. * LUBO A Git, sin 6 (A25 ) 
L 
and 
W8O ACL sin © 
Fao = . (A26) 
The following assumptions were used in the development of these 
equations : 


1. There are no momentun effects. 

2. The vertical rise of the bow is equal to the thickmess of the 
ice.” (This assumption fortunately has no bearing on the 
development of equations (A25) and (A26) but it is used later in 
his work to determine the thickness of ice which can be broken. ) 

3. The distance from the point of contact with the ice to the center 
of flotation is equal to the distance from the point of contact 
with the ice to the center of gravity. 

4, The effective displacement is not affected by the force at the 
bow nor is the araft. 


*% These aseumptions were used but not stated. 
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5. As a result of 4, the center of flotation and the longitudinal 

metacenter remain fixed.” 

6. GM, = GM, 

Te The value of C is 0.07. 

8. There is no frictional foree. 

At one point in the development he set the summation of moments equal 
to zero but failed to do the same with the summation of forces. If he had 
done so a discrepancy would have been apparent. The equations were developed 
for an icebreaker having its bow slide slowly up onto the edge of the ice 
but he intended that the equations be used for an icebreaker making unin- 
terrupted progress in the horizontal direction. At best they are 1 good 
approximation only for the stopped equilibrium position. 

Figure II represents an illustrative plot of the downward force for 
uninterrupted progress versus the change in trim in degrees using Kari's 
equation (A26). Unless an erbitrary limit for the change in trim, 6, is 
given, the maximum force under the bow cannot be obtained from the 
equation directly. One would have to solve for it separately using an 


equation such as the one developed by Runeberg based on Ty 2" 


D. R. Simonson, a Coast Guard Lieutenant, was the third to analyze 
the mechanics of the icebreaking process. (12) ‘The purpose of his work was 


to determine a bow profile which would represent an equilibriw condition 


* These assumptions were used but not stated. 
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regardless of trim if the other factors were held constant. This lead 
to a mathematical description of the stem contour which turned out to be 
somewhat spoon-shaped. As a necessary step toward that determination he 
developed an equation for uninterrupted progress. A complete redevelop- 
ment of his work is given in Appendix A. 

All of his work is statical since he felt that "momentum should be 
neglected as it is desirable to break ice without charging or ramming. ” 


His equation states that the downward force under the bow, Fog, » fer 


uninterrupted progress is a function of the following: 


T 


TB 7 Thrust available for icebreaking, LB 


i, = §tem angle with reference to base plane, deg. 
9 = Change of trim, deg. 


The downward force is expressed as follows: 
T 


IB 
Fez = tan (i, + 0) (A43) 


The following assumptions were used for the development of this 
equation: 

1. There are no momentum effects. 

2. Friction with the ice is negligible. 


3, Thrust is directed horizontally at all times. 





* 
Taese assumptions were used but not stated. 
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4. The center of flotation serves as a pivot point.” 

or There is no change in a@isplacement. 

Figure III represents an illustrative plot of the downward force for 
uninterrupted«progress versus the icebreaking thrust based on Simonson's 
equation for both the U.S.S. Glacier and the Stalin Class of the U.5.5S.R. 
For example, if a thrust useable for icebreaking of 355,400 lb were 
developed by the U.S.S. Glacier, a downward force of 595,000 1b would be 
generated under the bow. This represents the maximm available force 
downward for this given value of thrust. Note that it is necessary to 
solve for the trim independently or make a suitable assumption. The 
forces indicated in Figure III are all in excess of those indicated by 
Runeberg'’s equation which are illustrated by Mgure I. This is due to the 
fact friction is neglected by Simonson. 

In fact, Simonson's equation is limited to being a good approximation 
for the stopped equilibrium position, not really uninterrupted progress. 

During 1946 a book was published in Russia entitled “Vessels for 
Artic Navigation" written by I. V. Vinogradov. (13) It contained the 
development of an equation for the downward force under the bow of an 
icebreaker which resulted from ramming. The work was significant in that 
it represented the first time that this force due to ramming was put into 


useable mathematical form. 


* These assimptions were used but not stated. 
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L. W. Ferris has paraphrased Vinogradov as follows (14): "The 
analysis is based on the following concept: An icebreaker moving with 
known velocity strikes a uniform ice shelf and the bow of the ship glides 
up until the déwnward pressure reaches a magnitude which causes the ice 
shelf to collapse. While the ship is climbing the ice shelf, the pro- 
pellers continue to push. In general, the forward motion of the ship is 
not reduced to zero at the instant when the ice collapses. " 

"The quantity which is to be determined is the maximm value of the 
vertical force P developed on the stem of the icebreaker. " 

Since ramming is taken into account by use of the principle of the 
conservation of energy, a much larger number of terms (i.e. parameters of 
ship form) will be necessary than have appeared in previously mentioned 
solutions for uninterrupted progress. 

Vinogradov's equation states that the downward force under the bow, 
Fao? (P in his equations) for the ramming condition is a function of the 
following ; 


F= Coefficient of sliding friction. (f,) 
Y = Angle of stem, deg. (1,,) 


B= Angle of normal to shell plating with respect to §& 


plane, deg. (B) 
S = Block coefficient (8) 


* ‘The symbols used are those of Vinogradov. Symbols in parentheses are 
those used comnonly. 


aw tlhe e=,re8e abpont tenbeaee” oe Ver’ 1 
ms oa votes? of | estos LORI AIG 1 Sere » oie 
biG jue wT © wee wn jee ee oc | are Foodie: Hee veces 
wb ll ee Le CM eee 4 aie sue, fee | ns! 
yn etd Sites wee aly ede 2o te sas ocwtS = See, OP 
od hot ofa to come Pres) WS. forme ar « acitoeS enLly 
* oweslicn dd Ge wer inet oF some * [see ar 

ore fo eae ene ec | ertormmes wo or ob didi gi krame oft” 
\ mpddeitived Yl) Ec ame elt mm Sai poyie: * Sevety Cesk eter 

gai do etait vill tp pay 7S devmonn ofoy AERO AS Bsr OTE 
Ww eure ot) fred DO aces eqeeel Mae 2 . ete +e 04) ee Ped 
Deer biae yinntreng et heckages weak amd! Jpneents ef Lice lenok oils 
serait, Lateran ta Wh emetdutos 

sen SAS titan: oreo ramen adr Feil? arp ry seme «' wshiemmeae? 
wal Yo Salta © al wetthbwen pukeair: ais ath (amceewe et al S) yl 








“nitration 
\ 2) meer gothite 70 gamle - © 
iA) gee ware to wiech = 
' 2 or requiem die qty Linda ot Genten te Lane ~ 
tah se, wate 
4a; jmtetrtaes well - 6 
erp nomen! 2160 yosetgenst to emed bh tee 42 ae 
: aie, : phn ty any eh : 





«ol ive 


@<x= Waterline coefficient (a) 


Q= L/2 plus the distance aft from to the center of 


* flotation, ft. (L/2 - LCF ) 
L = Length between perpendiculars, ft. (u) 
D= Draft, ft. (H) 
Ms= Longitudinal metacentric height, ft. (GM, ) 
T= Thrust, tons. (T) 
W= Displacement, tons. (A) 
E= Coefficient of resistution. (e) 
V, = Speed just prior to impact, ft/sec. (Vv >) 


V, = Speed while sliding up (normally taken as zero to 


get maximm P), ft/sec. (Vv, ) 
This downward force under the bow is expressed as follows: 


oe oe 
voii-(-e") sin ip| v; 





2 ¥ : 
P = XT + xp + Eee (A65) 
where 
4 tp 
L ba cos B tan ° 
Ks ——— pot (a63) 
1 + eot 
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The following assumptions were used by Vinogradov in the develop- 


ment of this equation: 


% 
J Thrust was directed horizontally at all times . 
e. Change in trim and draft do not seriously affect properties of 
the waterplane or the longitudinal metacentric height. 


eS 


3. GH ‘ss ay 
in addition to the assumptions listed above, many expedients were taken 
and these deserve some comment or criticism so that the reader may have a 
better idea of the velidity of Vinogradov's equation. The most necessary 


of comments or criticiems follow: 


* This assumption was used but not stated. 
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Trim was taken into account during the solution for movement 
of the icebreaker (in order to determine the distance a force 
move, in doing work), but it is disregarded (or considered 
negligible) in the solution for the resultant perpendicular to 
the sten. 

Thrust, T, was kept as a constant representing total thrust. 
There would be an improvement in the use of his equation if one 
were to consider this as the thrust applied to breaking ice, Typ? 
since some of the total thrust is used in the resistance of the 
water. 

Although kinetic energy and work are used for the basis of his 
work, there is no mention of the possibility of forces due to the 
acceleration. One of his key equations, (A54), sets the sun- 
mation of forces equal to zero when in fact there is a large 
deceleration. 

There is no mention of the fact that some of the kinetic energy 
while sliding up may be in the form of rotational energy as well 
as translational energy. 

The change of trim is based on the original displacement using 
the equation for a couple when actually the effective displace- 
ment is changed. 
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Qis used exclusively as 2 constant representing the distance 
from the center of flotation to the forward perpendicular, which 
is assumed to be the original point of contact. For the 
geometrical determination of certain distances this is proper; 
however, it is not proper when this length is used as a moment 
arm from the point of contact. Thet particular distance is a 
variable. In fact, even using Vinogradov's equation as a basis, 
it can be show (14) that the distance travelled after initial 
impact, for the U.S.S. Glacier ramming at six knots with 

T = 160 tons, is 23.7 feet. This means that Q should approxi- 
mately decrease from the original 150 feet to 121 feet, a dec- 
crease of approximately 19 o/o. 

The expression for the loss of energy on impact is based on 
direct central impact. In other words, it is assumed that the 
loss is the same as if a perpendicular to the stem passed through 
the center of gravity of the icebreaker. (Later in the intro- 
duction mach more can be found on this expedient. It is common 
to some other recent developments and comment will be reserved 
until these others have been mentioned. ) 

Although the sliding velocity is contained in the final equation, 
the equation is only velid when this sliding velocity, Vy. is 
equal to zero. This is not only because of the use of equili- 


brium in the solution, it is also because while sliding up there 
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is a component due to friction which is acting in opposition to 
the downward force, P. This term is not included in the final 
equation; it goes abruptly to zero as soon as the velocity goes to 
ZerO (wie sien it reverses ). 

9. In addition to the prohibition mentioned in 8, V, does not take on 
(in the equation) all values from V down to zero; this is due to the 
impact term which indicates that there is an immediate reduction,to 


some degree, of the velocity. 


It must be noted that, in spite of the comments made above, Vino- 
gradov'’s equation was the first equation that was of any use for the 
ramming condition. This ramming is quite important and for many years 
following 1946 this equation was by far the best criterion for the ability 
of an icebreaker. The development is given in Appendix A. 

The result of a calculation which is given in the paper by Ferris (14) 
showed that this downward force for the U.S.5. Glacier ramming at six 
knots with a thrust of 160 tons became 3,225,600 pounds. This compares 
to 537,600 pounds (according to Rumeberg) or 595,000 pounds (according to 
Simonson) for uninterrupted progress. These illustrative results are 
shown in Figure IV. It is quite readily seen that the order of magnitude 
of force generated by ramming completely overshadows the force generated 
during uninterrupted progress. 

These four men named above (Runeberg, Kari, Simonson, and Vinogradov) 


have made the most significant contributions. Table II shows the 
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Figure IV 


Comparison of Magnitudes of Force 
Developed Under Bow During Icebreaking 
(for the U.S.S. Glacier at 6 knots with 
T = 160 tons) 
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Table II 
Use or Reference to Icebreaking Equations in 


Relatively Prominent Publications Presented Chronologically 
. 


Runeberg Kari Simonson Vinogradov 
x 
1888 
Xx 
1921 
= x 
1936 

X X 
. x 1946 
x X Xx 

x xxK 

k 





7 amity 
7 c aug gametin; m Poesea.e & 
jnaty Pomme) ieeummen re aime alsL femeReeeT Cibo nheinn 





chronological popularity of their developments. Table III illustrates 
the parameters appearing in their equations, however, there have been 
others since then who have developed equations for icebreaking, but the 
equations lack the significence of those mentioned earlier. 

In 1956 Jan-Erik Jansson presented an equation for the determination 
of work utilized in ramming of ice. (15) Unfortumately it does not 
include any equation for obtaining the downward force during icebreaking. 
However, his work is quite comprehensive and for that reason is included 
in Appendix A. He also uses the conservation of energy principle in his 
development. However, as a convenience he has disregarded loss at initial 
impact and has neglected friction. 

In 199 C. Richardson presented an equation for the downward force 
under the bow during ramming. (16) It was developed in conjunction with 
some model studies of the force system. The equation is similar to the 
equation presented by Vinogradov and is presented in Appendix A. The 
development was almost identical to Vinogradov's but did modify some of 
his weaknesses to same extent. For example, Richardson uses a term for 
the loss of energy due to wave and frictional resistance (not ice) from 
the instant of contact wp to the moment the ice breaks or motion ceases. 
He also recognizes an effective increase in the mass of the icebreaker 
due to entrained water. For the most part, however, he has used the same 
assumptions and expedients that Vinogradov used and for that reason 


coments expressed earlier also apply here. 
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Table III 
Parameters Appearing in the Equations of 


« Downward Force by Various Developers 


Developer 
Parameter Runeberg Kari Simonson 
Tox x x 
i 3 ».4 x 
B X 
te x 
A Oo 
=) X xX 
L x 
GM, x 
& 
a 
LCF 
H 
& 
V 
re) 
Vy 


Vinogradov 
x 


x 


X 


Symbols used are those given in Appendix C, Symbols and Their 


WMitles. 
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As part of @ report released in 199 concerning the feasibility of a 
nuclear icebreaker, an equation concerning the relative magnitude of 
force "transmitted to the ice” at the bow was presented (12). This 
concerns uninterrupted progress only; it does not heve to do with ramming. 
However, the development is given in Appendix A since it is of interest. 
The force under consideration here is the force perpendicular to each side 
of the bow. This could, of course, be resolved into the downward compo- 
nent, but this would lead right back to Simonson'’s equation since this work 
is based on that equation. It is interesting to note though that the 
equations of this report are based on the assumption that thrust remains 
parallel to the base line at all times, and not simply horizontal. 

In 1962 V. R. Milano presented his modification of Vinogradov's 
equation (18). One of the main contributions was to express thrust as & 
function of "Bollard Pull". He also rewrote the equation so that the dis- 
placement may be solved based on other parameters including the desired 
downward force. The equation is given in Appendix A. 

All four equations for ramming presented above are based on the 
principle of the conservation of energy. There is, of course, nothing 
wrong With the concept; eny shortcomings exist only in the develoments. 
Although the situation is obviously dynamic, which is the reason for the 
use of energy in the calculations, each at some point in his development, 
uses static equilibrium. They have set the summation of forces at a 


point equal to zero when there is acceleration involved. 
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Furthermore, al] developments of the ramming condition force utilize 
avery important term for the loss of energy at initial impect. (An 
exception to this is the development by Jansson; he neglects this tern. ) 
This loss of energy is determined using the coefficient of restitution, E. 
As this term has been developed, it is fundamentally in error. The use in 
their developments means that the inmact has been direct central impact. 
Tais means that a normal to the stem at the point of contact would have to 
pess through the center of gravity (which it does not) and no rotetion 
would be imparted. Furthermore, it means that the velocity component 
tangent (parallel to the inclination of the stem) to the stem is conserved 
on initial contact. The velocity component normal to the stem inclination 
would be reversed and be of magnitude equal to (E) X (initial normal 
component velocity). In most illustrations E has been set equal to 0.90 
or 0.95. Figure V shows the implication of the acceptance of this form of 
impact energy loss. If one is willing to believe the energy-loss-at-initial - 
impact term, then one must also be willing to believe that after initial 
contact the velocity of the center of gravity is only slightly less in 
magnitude and is upward in direction at an angle which is almost twice the 
angle of the stem. Even one who has never seen an icebreaker in action 
would find this hard to believe. 

incidentally, carrying this concept further for the sake of illustra- 
tion, it can be shown that the term would imply that a ship with a vertical 
stem hitting the ice at 10.0 knots would bounce so that it ended up going 





40e ——— —Er ties « ad Os temo ee mower is 
oa woe teu nee weenie «| a “art pee 
( me oe windbtets i Sect 40 Seeenizie GS WY pts Se gee 
6 arth ies “He 1 ee cee ee Shc 14 ee tS ed 
ais a) joe Oey: fee ee 
ee uri Sle bod ei uate de cers sale 
a} pee (uae Seance & eee of te ae iowa te) cw ba 
abo @ cous (Foo reel 14 dota, PO PreRy Ts claw: He eet amy 
etches (Fok we fe ee TF ee ee 
pemrcmamenes 0h dre sce ol Tebite freet te mipemn haat wert he ALU "TERE 
qmbipetiaat ante wal of Seely fomegees rriweam ehiued tee 
cern EN ETL] Oe Tere Sertine TO ANSaE tema: oP he 
1.0 ot earn HE Set nas a ember Ly Hee 3 Ne al 
se eed OAS matress oo ® Emile: SS a PT een ew 
debt et de eres ove or eee of oe er =. eae eek 
pe ee ee 
ab cen PEER qlee Oy atherey WS Cao ete Gaim ed Pandacn 
ee ee ee 6: tee ater te 
ee ee oe 
- . weet las wt a er oe a 
ee 
mmtveme é Oh% que w tee eyes Kilor eve! eet Maar (amt aun 1 yee 
peciow co Setieh nk OME DN ty Ae Shae OM ee gated 


Figure V 


Implication of Acceptance of 
Impact Energy Loss in Presently- 
Used Ramming Equations 


Before Initial Contact 
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astern at 9.0 or 9.5 knots. It is quite apparent this is not the case 


when a ship encounters ice. 


Need for Suitabfe Analysis 
It is interesting to note that many do not yet take full advantage of 


the equations which do exist. Many references (19), (20), (9), (21), (4), 
(22), and (23)., indicate the choice of the “optimm bow" or "standard 
pow” without any further mention of procedure or justification. Some of 
these simply state thst 30°? is the best angle. 

Presently the downward force resulting from ramming is being used by 
some. In spite of any weaknesses which exist in the ramming equations, 
they are the best available and certainly present a more meaningful value 
than the force developed during uninterrupted progress. 

Four criteria are presently used for measuring icebreaking capability. 
(4) These are listed by Lank as follows: 

1. "Probably the most complete analysis of the action of an ice- 
breaker in breaking a uniform sheet of ice is the one developed 
by Vinogradov." The downward force developed by ramming is 
apparently the most important criterion. 

2. “A rough measure of the ability of a ship to foree its way into 
leads or broken ice is the ratio of horsepower to beam. " 

3. "The horsepower displacement ratio has been widely used for 
comparing the relative power of icebreakers but probably does 


little more than express relatively ability to accelerate. " 
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4. “For large icebreakers of generally similar hull form, the simple 
value of thrust at zero speed is probably as good a measure of 
forejng ability as any." 

In general it is conceded that the equations for the ramming give the 
best measure of ability of a polar icebreaker. Just as generally, it is 
pointed out that more work must be done along these lines since the 
present equations do not quite lead to a proper representation. 

Admiral E. H. Thiele said, in 1959, “icebreakers are relatively ex- 
pensive to build and maintain. Every effort to make an icebreaker more 
effective through improvements in design and operating technique will be 
repaid many times". 

The object of this research is to make icebreakers ‘more effective 
through improvement in design". The design can be improved by improving 
the measure of the most important criterion for a polar icebreaker, the 
downward force generated by ramming. Specifically, the object is to 
develop a suitable equation for the prediction of the dynamically developed 
force at the bow of an icebreaker during encounter with virtually un- 
yielding ice. 
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II Procedure 

General 

When a polar icebreaker encounters very heavy ice, the icebreaker 
must resort to "ramming". The object of this technique is to get a large, 
relatively sustained, downward force under the bow. It is this sustained 
force which tends to ceuse the ice to collapse. See Figure VI and VII. 

The bow first crushes into the ice until the bow is accomodated and 
supported sufficiently to allow sliding. ‘The bow rises up to a point 
where forward progress ceases and the icebreaker settles at this point. 
It is as if the icebreaker were “grounded” at the bow. 

The problem is to predict this downward force. (Fo) as a function of 


the following parameters: 


L = Length between perpendiculars, ft. (EP) 
B = Waterline beam, ft. (B) 
H = Normal draft, ft. (H) 
& = Normal displacement, lb. (Drs ) 
i, = Angle from base line to stem, radians (BA) 


B «= Angle of normal to bow plating with respect 
to the centerline plane, radians. (SA) 
~~ = Velocity of icebreaker immediately prior to 
initial contact, ft./sec. 
@ = Waterplane coefficient, dimensionless. (AL ) 
ICF = Distance from amidships to center of flotation 
(+ if forward, - if aft), ft. (CF) 
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LCG = Distance from amidships to center of gravity (+ if 
forward, - if aft), ft. (CG) 
KG = Height of center of gravity above keel, ft. (GK) 
d «= Height of thrust line above base line, ft. (D) 


TOL = Bollard thrust for rpm of susteined 
approach velocity, lb. (TB) 
GM, = Longitudinal metacentric height, ft. (GM) 
f = (Coefficient of kinetic friction between ice 


and ship, dimensionless. (FK) 
<j" = Compressive failure stress of ice, 1b/ft*. (SIG) 


f = Coefficient of static friction, dimensionless (FS) 


(Note; The symbols to the right in parentheses are those used in the 
Fortran computer progran. ) 
The complete step-by-step solution is given in the appendix. 


Definition of States and Phases 





"State 1" 4s defined as the state of the icebreaker imedtately 
prior to initial contact. 

The "Crushing Phase" is that period when the ice is crushing locally 
to accomodate the bow. The bow is tending to rise and the ship is tending 
to slow down. 


* This is not necessary for the downward force but is used for the 
extraction thrust. 
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"State 2" is defined as the state of the icebrenker when local 
crushing has ceased and the bow has a velocity tangent to the ship-ice 
interface. {n gather words, there is no more penetration into the ice. ) 

The "Sliding Phase" commences at State 2. The bow slides up on the 
ice without further epprectable penetration. It is assumed the point of 
contact is fixed relative to the ice. 

"State 3" occurs when the velocity of a point on the bow relative to 
the ice becomes zero. This does not necessarily imply that all velocities 
(x, z, and 6) are zero. 

"State 4" occurs when all velocities have become zero and the ice- 
breaker is in static equilibrium. The downward force under the bow, 
Pron? is the relatively sustained force which is the object of this 
research. 


The coordinates may be seen in Figure B-Y. 


Bow Forces During Crushing 
It is assumed that all forces acting on the bow from the ice act at 


the intersection of the stem and the waterline. There are three forces 
ecting at the bow. There is a force normal to the plating and it is 
assumed that this normal force may be represented by the product of the 
area of contact and the compressive failure stress of the ice. There is a 
component of friction force acting parallel to the stem in the plane of 
the plating. During crushing there is another friction force acting 
perpendicular to the stem in the plane of the plating. See Figure B-I. 


* These figures appear in Appendix B. 
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As seen in Figures B-III and B-IV, these forces may be expressed as 
components in the x-direction and the z-direction. 


+ 
me 7 5 (eos B + fin B) sin (1,+ ©) +R £,, cos (1+ ©) (38) 


Fon = N (cos B + £, sin B) cos (1,,+ 9) -N £, sin (4,4 9) (83) 


where N is the force normal to the bow plating. 


As mentioned earlier, the normal force N is the product of the area 
of contact due to penetration and the campressive fedlure stress of the 


ice. 


i, “2 
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Newton's Laws of Motion During Crushing 

Figure B-IX illustrates the free body diagram of the icebreaker during 
the crushing phase. It is assywmed that the icebreaker may be treated as 
a "solid body”. 

The forces acting on the bow are included in the equations of motion. 


Dropping negligible terms, the forces may be expressed as a function of x”. 


eee 


* The numbers in parentheses refer to equations in Appendix B. 
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As a result of suming forces in the x-direction, 


x + 2% i ax +a, = 0 (B29) 


where By Bo, end a. are constants representing the influence of 
parameters such as T,.,, V,,0° , ip, 8, f,, and m,. ("n," will be ex- 


plained later. It is sufficient for the present to say that it is the 
mass of the icebreaker. ) 
Furthermore, by summing forces in the z-direction, 


ee 2 2 
z+ a,2 + aon +#b,0 +c,x° = 0 (B31) 


where G5 G5; b,, and c are constants representing the influence 


of parameters such a8 T,, V,,c"» 4p, ®, f,, m,, and k,. ("%," is a 


heave damping coefficient which will be explained later. 
By summing moments around the center of gravity, by linearizing, by 
dropping negligible terms, and by substitution, 


o + By 8 + 20 + ax" = Q (551) 
where A)» Bo» and ay are constants representing the influence of 


parameters such as I, (mass moment of inertia, to be explained later), 


Ky (pitch damping coefficient, to be explained later), A, and GM, . 
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Solution for x During Crushing 
It is natural to solve for x first. It is independent of other 


variebles and the solutions for z and © depend on x. 
By dropping negligible terms, 
3 
x 


(B39) 


x 


where ky is a constant incorporating the influence of ov , 15> B 
end fi. 

By substitution, manipulation, ond integration, 
- 1/2 


ne oe} (BuO) 


tre 


where the constants are as previously defined. 
The equation for x cannot be directly integrated. Therefore a series 
expansion is used. From this it is possible to integrate to MNnd t in 
terms of x. Negligible terms are then dropped. The expression can be x 
expressed as a function of t by using a reversion of the series. Retaining 
Significant terms, 
«+3 | 


x= Vv, (+ i2 a, (Bi ) 


where k, and ma. have been previously defined. 


Now that x has been found as a function of t, &° and x may also be ex- 


pressed as functions of t by means of substitution. 
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Solution for 9 During Crushing 
The summation of moments can be expressed in terms of © and t by 


the substitution of equation (Bi). 


The solution becanes 


t 2 
o-e! (A, cos B,t + A,sin ,t) + 2 4? . ee -A. (353) 
L Cc 
l 


yhere a By» A,» Aa» b> qd,» and ec, are constants reflecting the 
influence of Tp) K > 4, GM, L, LOG, H, KG, Vv, 


t t 
@ = ae (A, Cos Bt + A, sin B,t) + a (-A, B, sin pt + A,B, cos B,t) 


e 1») 6, and ne 
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Solution for 2 During Crushing 
The summation of forces in the z-direction can be expressed in terms 
of z and t by the substitution of equation (B41). 
The solution becomes 
q+; ‘ ,~§ 
2 oe a 6 
Z2 e@ MATS *% Pe Re Ooo _——— 


-B, (B62) 
where Mp » 6.» B, F B,» Do: Co, and d., are constants reflecting the 
influence of m,, k,, T, (pounds per foot immersion, to be explained later), 
Vy ip Pp, and fh 

t 


, a Ot 
z= Ce e (B, cos 6,t +B, sin Bt) +e é (-B,B,sinB.t+B,8,cos 6,t) 


2a,t 2 ba 








+—B.. —Z# (263) 
So ‘id 
2 
- 2, %t 
es (of - Boje * (B, cos Bot +B, sin Bt) (B64) 
2 a, 
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Mess and Mess Moment of Inertia 


The vaiues of i» My and Ly are needed to solve the previously 


expressed equations for x, z, and 9. These values of mass and mass moment 
of inertia (for movement as in pitching about the center of gravity) must 
be determined or suitably approximated based on the "civen" parameters. 
The underwater shape of polar icebreakers approximates that of a pro- 
late ellipsoid as given by Seunders (24). Using a typical value for the 
ratio of L/B = 4.0, the following effective masses (body mass plus added 


mass) and mass moment of inertia are obtained: 


m= 1.08 . = 0.0336 A (B66) 
n, = 1.86 . < 0.0578 A (267) 
Ty = 1-61 «* 4 = 0.050 KA (B68 ) 


where k = radius of gyration. 
As indicated by Vosser (25), a reasonable value for radius of 
gyration for an icebreaker wild be 


k= 0.22 L (372) 
Substitution of that value in the equation for I 6 gives a reasonable 
approximation. 
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Demping Coefficients 





Values are needed for k, (heave damping coefficient) and K,, (piteh 


damping coefficient) in order to solve the equations for x, z, and 9. 


A good approximation which is relatively simple to use can be found 


published by Vossex (25). Besed on his coefficients, 


3/2 
Od 4 5 lb-ft-sec (B69) 


P g 





a 3.0 A " me. 
kL : re Lb sec/ ft (B70) 


Pounds per Foot Immersion 


For sea water, 


Tp = (64.2) L BQ for sea water (571) 


solution of Bow Forces During Crushing 


In the development of the summation equations two importent substi- 


tutions were made. These can be used to determine the components of the 


force at the bow. 


fen < x" (B34) 
Pac = gx (put) 


where k, and ke reflect the influence of “© , i,» B, and 


a" 
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Termination of the Crushing Phese, State c. 
Point Ais defined as a point on the bow of the icebreaker at the 


waterline (poinj; of force application from the ice). When this velocity 
has &@ direction which is forward and upward at an engle equal to the 
angle of the bow plus the trim there is no more penetration of the ice 
and crushing has ceesed. See Mgures B-XVIII and B-XIX. 

Let (GA). equal the horizonte]. distance from the center of gravity 


to the point of contact. Let (GA) , equal the vertical distance. 
If ¥ is the angle from the horizontal to the velocity direction, 


(GA) 9-2 





ton i 7 - 
x ~ (GA) 0 


It may be seen that tan (or ¥) is e fumction of t. 


When 


tan ) = tan (1, + @) 


crushing has ceased anc State 2 is reached. 
At this point sliding will commence (preswning the icebreaker still 
has forward velocity). 


A) romuieerchons hf ae @ Ete. Loren 4 ee 

Pe ee ee 
tt lee alee ue > ews Gar teen Gk fret GomTE wo Beet 
en ee ee ee er) | 
5 Ae OG eet Soe eet waster rer 
whitey ty akg iy be] emia ce od tans Fi) emt 

eat Septet Gee (Si) aka meus Yo d 

AED ARGS ADRES SEN by. 


a-4g — 



















ae 





«weeormwire et | my are of 


i 

He oth ame ~~ a. 
| ee 
Lr ae em ms i aN 









> 









—= ” «= 
ae 1 










=r 
-_- - 7 =~ 


= 


=0- 


Sliding Phase, General 
The sliding phase commences at State 2, when local crushing has 


ceased. The bow forces are no longer a function of the penetration. 
However, the vertical camponent end the horizontal component are inter- 
related. 

During the sliding phase, the point of contact is assumed fixed 
(since further crushing would be negligible) and is assuzed to be at the 
level of the waterline. 


Bow Forces During Sliding 
Figure B-XX illustrates the forces on the bow during sliding. 


fhe force normel to the plating on each side is N/2. The friction 
foree om each side is then f’. = 
In order to resolve these forces into components, Figure B-XdI, let 


a. = cos 8 sin ip + f,, cos i, (B80) 


bd. = cos 6 cos i, - f, sini (331) 


8 B 


After linearizing and using trigonometric substitution 


Fees = N(b., - 2.0) (B82) 
Feyg = WC, + b,0) (283) 
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It fallows that 
‘. ar ac + be 
gs a ¥ b> . bo a 9 (285) 


This allows substitution later on. 


Icebreaking Thrust 
Of the total thrust, part is being used to overcome the resistance 


of the water and the other part is used against the ice. This latter 
part, or the thrust produced in excess of the requirement to maintain a 
velocity in water is called the "icebreeking thrust”. 

At State 1, 


T(L-t)=R, (B21 ) 


where T is thrust, t is the thrust deduction factor, and Ry is 
total resistance (no ice at State 1). 
Then “icebreaking thrust" may be expressed 


Typ 2 TL ~ t) ~ Ry 


Sp may be broken down into residual and frictional resistance. After 
breeking it down and making suitable substitutions based on the assumption 


that the rotetional propeller speed remains constant, 
. = 


Trp * "por, ~ %5¥ | 


Bo. "3 | v* (B27) 


where T DOL is bollard thrust asswaing r p m constant. 
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An illustrative plot of equation (B27) is shown in Figure B-xvI 
It is seen that State 1 there is no thrust being used against the ice. 
At the conclusion of slicing all thrust is being used against the ice 
and none to propel the ship through the water. 

The term K,, in equation (B27) is based on many parameters which would 
not be known at the early stages of design. It may be seen in Figure B-XVI 
that a linear approximation is suitable and in order. 


. 
Tp = Ty, © *¥) 


where Vv = = » = impact velocity. 


Newton's Laws of Motion During Sliding 
Figure B-XXTII illustrates the free body diagram for the sliding 


phase. Newton's laws of motion may be applied to the three types of 
motion encountered (x-direction, z-direction, and rotationally about the 
y-axis as in pitching). The three equations resulting are not independent. 


In the forward direction, 


»» m a”x 
ome + Pu avx (289) 
IB “os * ™& —32 


dt 
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This becomes, 
(Bol . a os + b 
T ~ x~xom F _— Fiuee O 
EOL Vy b BZS db, ab. BZS 
a ma x = Q (B90) 


. 2. 
Lt - & *+> 
Zz Z ase 
-F -7 6 -4-Th - yom 2h (Bon ) 
pzs * tr a 7? o z ase 


This equation may be used to express Pas following substitution 
to eliminate Trp and h. 


Tron 
Fags * ~ Tap? * 7, x@- Tz - T, (LOG-LCF) © 





-k, 2 “i, z (392 ) 


In order to obtein an equation containing x, z, and 6 as the only 
unknowns, equation (B92) is substituted into equation (B%) and then 
iinearized. This equation is expressed as follows: 


Myq% + DX +X + Bye + bow t O42 48,59 +0 + 6,0 = GO 


(B95 ) 
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where Cy) B13 » and bs are zero. All other coefficients are constant 
and represent the influence of L, B, &, mn, Mo» TOL’ ip B, ae Xo) 


» O, and f 


Zoy Z k ° 


The summation of moments (counterclockwise) is taken about the center 


of gravity. 
x.” 2 
4M, = 1, <¥ 
at 
Fong (GA). + Fors (GA), + Bp, cos @ (XG - a) 
- (A + Th) Ge - 1, 2% 20 (396) 
z * koe © 4° - 


Substitution for Fao.) Frys: (GA), (GA), Try and h leads to an 


equation containing x, z, and ©. This equation (B93), contains 43 terms 
and reflects the influence of all 16 parameters. Linearizing produces 


more terms but eventually the equation becomes, 


x +b x +a 
YAS 


& o* * Soy zs +b %Z+a..60 +b..0 +c e@=d, 


22" * Cae 23 23 23 
(BL00) 


22 


where eal =z 0. All other coefficients are constant and reflect the 
influence of all 16 parameters. 
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Newton's Laws heve allowed us to express two equations containing 
three unknowns, x, z, 9 (and their derivatives ). 


+7 
Location Geometry 
During the sliding phase the bow is in contact with a fixed point 
on the ice. Figure B-XXIV illustrates the relationship of (6 - 95) j 


(x ~ Zo), and (x - Xo )- 


It is seen that, 


(GA) (0 ~ ©,) - (z - 2,) 


(z+ x,)= ——tan G, +0) * gg @ - &) 
where the subscript 2 indicates the initial condition for sliding, 
State 2. 


Substitutions are made and then all non-linear terms are linearized 
and this leads to 


Bay X + by* + C3) + Bom + d302 + Cyo% + 820 + 03,0 + C440 = a. 
(B03) 


where c and d., are constants reflecting the influence 


au? “327 33? 


of 1, (GA). (GA) 22? 9.) Zos and Xo Other coefficients are zero. 


This gives us our necessary third equation. 
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Simultaneous Equations of Sliding 
There are three equations of sliding to be solved simulteneously, 


equations (B95) . (p00), and (3103) respectively. There are three un- 
knowns, x, z, and © (and their derivatives). ‘These equations are the 


basis for the solution of sliding motion. 
age a + SRF Mgt Tee ee Sy tS og? 4 


Bo X + box + Cox + 855% + Doak + Coo + 5,9 + bo 39 + e549 = d., 


85% + bay + Cox + B92 + ba52 + Cap% + 4.20 + b,,0 + C30 Ss d., 


There must be an operation performed on these equations in order to 
solve them. The method chosen, since it incorporates initial conditions, 
is that of the LaPlace Transforn. 


The three equations become, as a result of the LaPlace transformation, 


(a,,8° “ b, 48) L(x) + (a, 8° +b, 98 + C2) | @) - (c, 3) |_(@) 


9545 Xp * 4% * Pyy%e * A1e* 22 * Bote * Mye%e * “/ 6 


(>, 8 + Coy ) L(x) “+ (a5,8° + Dop8 + Coo) | (2) + (ap,6° + be38 C3) |_() a 
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bd... X-, + 3..,5 Z, + €.-2% 


2 22° “2 22°e 8 


$0, +28 9 + b,.0, + 


+ Boat + & 23°2 * 22% 


@é 23 


(c.)) Le) +, (eg9) Liz) + (c.5) Le) = *%y 


‘Ss 


The right hand terms may be grouped into new constants by collecting 


coefficients of like powers of s. (For example 5 = 1% + Pyy%o 


+ Qj p%, + bd, p%>) - 


The three simulirneous equations may now be written in shorter form. 


(a,,87 +18) L(x) + (a,8% + d,5¢ +5) L(z) + (e,,) L(@) = 
4, + 4.8 + “4 3/s 
(byy® + ep,) Ll) + (apse? + dyp8 + ep) L (2) + (apss” + b,,5 + ep) L(6) - 
4 + apes + d2,/8 
(es) | (x) + (esp) L (2) + (055) | (0) = a557, 


Row we have three equations each containing the same three wiknowns, 
i_@). Liq), and. | (). 


Each of the unknowns may be resolved starting by using determinants. 
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| (4,,+ d28 + 4,,/s) (2, .8° + byo8 +c 5) (c, 5) 


(a,, + do,8 + d.,./8) (a,.8° + DooS + Coo) (a,8°%,,84¢9q) 


1) ; (°33/s) (c,5) (c,.3) 
| 
(0, ,8°4,,5) (a, 58° + bd,p8 + ¢,5) (ce, 4) 
| (dp, 8425, ) (08° + bags + €,,) (a,48° + 93823) 
(c,.) (c,.) (c,3) 


The determinants for io * end L. (9) are expressed in similar manner. 
Each has the same denoninetor. 
After collecting coefficients of like powers of s, the ly (x) 


mmeretor becomes, 
N..8° +N s* + s+H,.,+wN (BLO8 ) 
13 y2® + BS + Mo t Noss 

The numerator for the | ts) becomes , 


H,8° + HS + Ne,8 + Ma + Ni9/s (Bise) 
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The nuneretor for the | _(@) becones , 


s2 +N 8° +8 (BL66) 


33 32 31 


% 


gs +N + 


30 29/s 


The denominator, which is common to all three, becomes, 


Dp," + D8” + D,8° + Ds +d, (B109) 
Therefore, 
— + fal Ok LS + N. 0® +N 
L&) - (m0) 
fs D,,6 -: Ds 4 D., s* +. Ds * Serr rer serers 


The | ep and |_ (0) may be expressed in similar fashion. It is 
noted that this may be expressed as a proper fraction; the denaninator 


is one power higher than the numerator. 
By letting 0, = “i3/D, , a “i2/D,, a. = “11/D,, 
a,,= “10/D, , anda, = “09/D, 
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Tne numerator may be written as 


(s - 8, ) (s" + b, 8° +d,6° + bos +b) 


where 5. = 0. 
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Bigquadratic Solution 


The b 
two pairs 


iquadratic appearing in the denominator was presumed to have 


of complex conjugate roots. (This was after many other attempts 


proved ummeaningful. Furthermore this would lead to damped oscillatory 


motion whi 


ch would appear typical in the physical case if the icebreaker 


were to slide back if unrestricted by static friction. ) 


(a + b,8° +b 


Let 


This means that 


i + b,8 + b, ) - 
[(s + a, )* + | Cs + ay, )° + a | (2125 ) 
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Equation (2115) may be written as 


2 a 


co +2 Be + (A +B) 


c' +b,89 +b,0" +b,8 +d 2 2 2 
= 8° + 2Bs + (AS + BS) 


If the division is carried out on the left, that side becomes 


2 + (by, -2B, )s + |, 


4 
ee. 





- (Af + Bf) - 2m (b, - 2m) | 
: 
and this must equal 


Z 2 
Ss + 2B,6 + (Al + BC) 


Therefore, 


2B, om (b), “28, ) (E117 ) 


+B “13 - (a + mf) - aay, 2m) 


we 


However, the division carried out above has a remainder, and this 
remainder must be set equal to zero. 
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Now there are two equations with two unknowns, AY end B, The un~ 
knowns are real numbers. 
s 
The solution of these two equations for B leads to an equation of 


the form 


6 4 2 
+ B + 9,3) + aby ey SS, Sy S 
where all coefficients are known constants reflecting the influence 


of b,, bz, bo, and d,. 


9? 
It is noted that we started to find the roots of 4 fourth order polynomial 
and now it is "simplified" to a sixth order. Actually this is simpler; 
the unknown, B,, is a real number. (The roots of the quartic are not. ) 


It is discovered in the complete development that 
b d b 
fav 4 tt 
oA 9 FSR GB (mal) 


Therefore , BA is best solved by a trial and error iterative solu- 
tion starting with B near zero. 


Once By has been determined, the other values may be determined. 
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We now have the solution to the denominator of equetion (F113). 


Partial Fraction Form 





It is necessary to put equation (B113) into the form of partial 
fractions in order to take the inverse LePlace. 


| ae +a,0> + 0,07 +a +B» 
4 3 3| | $, | 
= be a ee 
A.s +B A,a + B, 
2 ee ee A 4 


ie + a,,)° + °5 | , | (s + a, )* + Ph | 

The right hand side contains five unknowms. The right hand term is 
put into the form of a polynomial with a common denominator. ‘The co- 
efficients of like terms in the numerator are collected and set equal 


to the equivalent coefficient of a like term in the mmerator of the left 
side. For exemple, 


a5 = (coefficients on right of s*) st 
® = (coefficients of st from right side) 
a), = A, + A, + Ay (51.28) 


a, = 20,0, + 20h, + 204,A., 4 B,, +20. Ay, +B, (m129) 
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0h ae ie: (1230) 
Qs teeter eee ~ (R131) 
a = + a + BG + By) A, (8132) 


Tnese five equations contain five unimowns. They mey be reduced to 
four equations with four unknowns by the substitution of A, {from 
equation (3132)) into all other equations. 

After further substitution involving dy ‘ d,; a, and ay, as pre- 
viously defined, the four equations may be solved by the use of a matrix. 


(A,) (A), ) (B,) (3,,) ; 
1 1 ) o a, 
204, 2%, 1 1 a., 
&;, Es 20, 20, a. 
0 0 Bp, Bs ay, 


where g, = (05 + 85) 


&), = (ff + i) 


The solution of the matrix leads to 
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2(,-Ch, | 3-84, 245, + (6,-8,) ate ty 


3, = = 
’ 2(c, «ch ) | 26-2485 | + (6,-8,)° 
B a fy 7 83 (m42) 
3 Ey, 

_ Suldg 2d.) - oy, * By (65-6,) (7.43) 
I 26), (a, 2 O,) 


One more substitution is in order. 
Boz = BA; Pon = Py, (BLLE) 
Now we have id (x) with all terms known and in useeble form. 
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xX = - (x)= A, “** (P52 cos Bt + B, .oin Bt) 
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“a 
+ B, e (2, cos Bt + 2,1, sin Bt) 
Differentiating with respect to time, t. 
' 2 “Ot 
x = ” ate (A... cos Bot + p, sin Bt) 
re 


t 
te? ($5, sin B.t + B, 3 cos Bt) 


t 
= e (f,), cos St + f,) sin Bt) 


se os 
+ @ ($,),£in Bt + fi, cos Bt) 


(2-2) -a.t 
: 3 
x = —— e€ (P,,008 Bt + P,2 sin Bt) 


t 
3 
~20.,¢ (-f,,8in Bot + p, 3008 Bat) 


+ (of-p2)  ~01,t 
te .* (Pa,c08 Bt + ,,sin 6,t) 





_ 
20, € (-$,), sin B,t + $,,cos B,t) 


(BL47 ) 


(8150) 


(m151 ) 
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The equations given above renresent the canplete sliding motion of 
the center of gravity in the x-direction. The coefficients used are 


shown somewhet generalized here in that they do not carry the subscript 


x. For example, Pas = Paz, 


a) mm *,. ate. 


In order to solve for z and 9 (along with their derivatives) it is 


only necessary to recognize that 
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h 3 2 
eins + os + D8 + D,s + 2 | 
Except for the velues of the constant coefficients in the respective 
numerators, these equations are identical to equation (H110). The method 
of solution for z end 9 is identical to that of the solution for x. The 
resulting equations are identical except for subscript. For example, 
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1 i 
Zee + g-e (P,.,cosB,t + P, 3,8in Bt) 


% Ot 
+ By € (Poy, 7008h,,t + PL 4, Sin By, t) (3163) 


Zand 2 are obtained by differentiation and are given by equations 
(m64) and (RLG&). 


WX t 
L 3 


_— a (P,, .coss,t + P,, sin B,t) (2177) 
B, © 2he°OSP 1), 1h9 lk 


Q and @ are obtained py differentiation and are given by equations 
(B63) and (B69). 

The equations cormletely describe the moticn of the icebreaker during 
the sliding phase. 


Vertical Force on Bow During Sliding 


in the previous solution, Fog) the vertical bow force during sliding, 


was eliminated by substitution. Equation (892) gives the substitution. 





Equation (B92) gives the valve of Fags directly. 
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where 6, x, 2, %, emd 2 are obteined from equations (B67), (150), 


(m63), (M64), and (MG) respectively. 


6 
Termination of Sliding Phase, State 3 

The equations of velocity, (M150), (BL6k), and (BL78), mey be 
combined vectorially to indicate the velocity of a point on the bow in 
contact with the ice. When this velocity (or likewise the horizontal 
component) becomes zero the sliding between ship and ice has terminnted; 
State 3 is reached. 


The z-component of the bow velocity is 


Voe=@Z ~ (GA)_0 (B14 ) 


The x-component ie 


7%. 9 * (GA) © (BL62) 


When the velocity of the bow relative to the ice becomes zero 
each of the components vecomes zero. It is therefore sufficient to use 


either one to define State 3. 


Ver = x - ra) +2 (2 (2183) 


For each value of t (time, during sliding) there is a value of 
v... When, by iteration, To. * QO, that time is assigned the symbol t, 
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and all other values can be determined using ¥3- 


Static Equilibrfim, Stete 4 
Presuning the icebreaker does not inmediately back off, a slight 


enount of settling is going to teke place with the bow remaining held in 
the ice at a position defined by State 3. If all velocities and accelera- 
tions were zero at State 3 there would be no "settling". However, this 
seems rather unlikely. For that reason, the static equilibrium problem 
will be solved using a point of support as defined by State 3. See 
Figure B-XXVII (Thrust has been dropped from the equilibrium solution. 

The screws must be stopped at some point anyway and this will lead to the 
higher value of sustained downward force under the bow. ) 


2 3 ** (B18) 

<7 

i. F, = - Fy, - (4+ Th) +A = 0 (m.85 ) 

_ 

i Mg = Fog) (GA, - (A + Deh, Jaa @, = 0 (n187) 
where hy, = 2, + (LOG-LCF)6, + (GA,). (0, - 0) (E186) 


Equation (B186) can be substituted into equations (5185) and (187). 
This gives us two equations with two unknowns, ®), end Fag): 


Conbining those two equations leads to one equation, 


| op Me Te skews 

vm tee vindceemd? 907 cam Stee al GO groterrs 
<i bret eciztew: end GAF ST hele eT tie ooo 
weer’ ive aidiscie Ue 3 seer) ee hee Trak eetiloes 2 de ae 
ony . rwvewc! “cht hoes” gr ot Hone sxund f erurh re ome esee naodl 
erosion, reeks tiuye Skee sal) Crees PE FEY pied ie Tey ed 
eet Unt e Seaman @ tees We coin, © ci Veins 06 Ete 
pelle Pet Liepe Gt ee A et he FE) TOV peng 
Wh at Dak: Aimy 60k? Wms Gergen elem wie de bagels Be ream See EM 
{ eet sgt che erm] Peet conics (oo elay enapen 


Ge 4” 


-. beac whe 





caus lpr! oa-e en 





(yf) 5 = gmt + 0) = elgg © ge a 
(oam igh Pale) + MED © gre of sneer 


(ym) tee (CU) motderne otek irae credae et te (QBUE) pe kime 
dag S98 4 Searecine: owt 2.0 Km ea ee or 
notinape wes at sheet acdidempe ot swans gat nied 


a, Foo), + bd), Fog) + C), = O (BL94) 


where Gy 5 Ui, ,» and c), are constants reflecting the influence of 
(GA,), @,, 2, and the hydrostatic properties of the icebreaker. 


The meaningful solution of equation (B94) is 


PF ~ soy + V0F tage, (B15) 
BZA 2 a), 
This value is the object of this research. 
Incidentally, the final. position, which may be of interest, may 
be readily determined. 
The change in position (from State 3 to State 4) in the x-direction 
is negligible. The final trim, 0,, may be obtained from equation (2193), 





“Fgh vs (GA ) ) 
a a a 


where 4, = (LCG-LCF) + (GA,).. 


Tne final position of the center of gravity may be obtained from 
equation (B186), 


a, = 2, + (GA,), (@, - @,) (m86) 
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Extracting Thrust 
Normally the static friction acting on the bow, once motion has 


stopped, reaches magnitudes greater than that of kinetic friction. It 
is possible, in fact probable, that the icebreaker may not slide back 
of its ow accord. In that case backing thrust is necessary. 

Actually any movement of the ship relative to the ice may free this 
static grip. This is where shifting the rudder, using heeling and/or 
trimaing tanks, or setting off jarring blasts on the ice may help. 

Most important though is the extracting thrust requirement, based on 
backing thrust sufficient in itself to free the icebreaker from this 
static grip. 

Figure B-XXIX shows the forces acting on the bow. Figure B-XxXX 
illustrates the free body diagran. 

Solution of the free body diagram leads to the required extraction 


thrust, 
F 
5 = = (3202) 
oO cos ©, - sin @,) 


where a, = (cos 8) cos (1, + @,) +f, sin (i, + @),) 


end b, = ~ (cos B) sin (1, + Q,) + £, cos (i, - @,) 
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Computer Program. 
The solution of all previous equations is extremely lengthy and 


there are several iterative processes involved. The digital computer 


has made it feasjble to solve the entire problen. In fact it has made 


comparisons and further study possible. 


The following is a listing of the input date which must be supplied: 


EP 
B 


DLS 


Bi 


vo] 


Length between perpendiculars, ft. 

Beam at waterline, ft. 

Mean draft, ft. 

Displacement, lbs. 

Bow angle (from base line to stem), radians 

Spread angle complement (normal to bow pleating with respect 

to centerline plane), radians 

Impact velocity, ft/sec. 

Q, Waterplane coefficient, dimensionless 

LCF, Longitudinal position of the center of flotation (- if aft 
of amidships, + if forward), ft. 

LCG, Longitudinal position of the center of gravity (- if aft of 
amidships, + if forward), 2. 

KG, Height of center of gravity above base line, ft. 

Height of thrust line above base line near center of gravity, ?t. 
Bollard thrust which would be obteined for rpm used during 
erushing and sliding, lbs. 

GM, , Longitudinal metacentrie height, ft. 

Ice/ship kinetic coefficient of friction, dimensionless 
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SIG Compressive failure stress of ice, 1b/ft*. 
The most important output of the program is the relatively sus-~- 


teined downward force under the bow during State 4. 


% 


Paz) = Vertical Force at Eow, lbs. 
In addition other output is available as follows: 


X4 = Forward motion from initial point of contact, ft. 
Zi = Vertical position of the center of gravity relative 
to the original position at the time of contact, ft. 
THY = ®,, Final trim, radians 
M4 tt Fazh 
~— Po: BERGhs (Displacement )(Impact velocity) »sec/ft 
ET = i&xtracting thrust, lbs. 


RAT = Extracting thrust/Bollard thrust, dimensionless. 


Other information is readily available (if desired) as a function 


of time. 


X, XD, XDD = x, x, x Forward position and its derivatives 
(ft, ft/sec, and ft/sec”) 
Z, ZD, Z2DD=2, z, 2 Vertical position of the center of grevity and 


its derivatives (ft, ft/sec, and rt/sec*) 


TH, THD, THDD= 6, @, @ Pitch angle and its derivatives 
(radians, rad/sec, and rad/sec”) 
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F Downward force under bow during all phases as a 
function of time. lbs. 

Other output is available directly but is only incidental to the 
solution of the basic problew. This includes total mass, including 
virtual (in each sense, x, 2, 9), radius of gyration, pounds per foot 
immersion, pitch damping coefficient, heave damping coefficient, and 


seores of coefficients used in the solution, 





Suitable Simplifications 

Some of the information required for the solution may not be 
known with much accuracy during the design stage. For that reason 
suitable approximations are in order. 


For example 


é,, i 

at ‘me ees (B207 ) 
- C+ a 

where C,, = 0.030 + 0.1304 (a ~ 0.6) (B203) 


Block coefficient 


of? 
i 


L = Length between perpendiculars 
H = Draft 
Q = Waterplane coefficient 
Other such approximations include XG (and therefore GM, ) » and 
bollard thrust. 


Parametric Study 
The varietion of a parameter certainly has en effect on the sus- 


tained downward force. There are sixteen input variables. (The static 
coefficient of friction is only for the determination of extraction thrust. ) 


Of the sixteen, the following may not be considered independent: 


GM, » LCF, QM, A, H, B, LEP 
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A change in any one of these involves a change in another. 

Some of the parameters are relatively independent within reasonable 
limits. These are as follows: 

Bollard thrust, D (Height of thrust line), KG, LCG, 6 (the spread 

angle complement of the bow plating), and, perhaps most significant 

ip (the bow angle relative to the base line. ) 


A few of the parameters may be considered completely independent. 


They are as follows: 


v, (impact velocity), fy, (kinetic coefficient of friction), 


and (compressive failure stress of ice). 
Tae “independent” variables will be varied over a suitable range 
to determine the effect on the downward force at the bow. The impact 
velocity will be varied along with each one. The remaining pareamncters 
will be assigned values representing the "Wind" Class Icebreseker. 
(Actually, the "Glacier" Class and the "Lenin" Class will be used also but 
the illustrations of result will be based on the “Wind" Class. Conclu- 


sions, unless noted to the cwntrary, will be valid for all three classes. ) 


"White Ratio" 
For lack of e better name, the ratio is defined as 


F 
WRAT = aS sec/ft (3214) 
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It is anticipated that the downward force under the bow will be 
affected approximately linearly with displacement and impact velocity. 
The coefficient {White Ratio) may be of use for approximate comparison 
of the parameter effects. 

The "dependent variables” (GM, , LCF, @, 4, H, B, LBP) may be varied 
only by varying other parameters simultaneously. For example, a change 
in &, the waterplane coefficient, will cause 2 change in pounds-per-foot- 
immersion (accounted for automatically in the program). the height of the 
center of buoyance (KB), and the distance from the center of buoyance 
to the longitudinal metacenter (Bo, ). Keeping displacement length, 
draft, and beam constant, the resulting change may be examined. 

The longitudinal position of the center of flotation may be changed 
Slightly and a change in form would then be necessary to keep displace- 
ment, length, draft, and beam constant. This shift is incorporated to 
find the effect. 

The beam-to-draft ratio is varied to investigate the effect. (Dis~ 
placement is held constant as is length.) A new solution for GM, is 
necessary. 

The length-to-besm ratio (frequently 4.0 in polar icebreakers) is 
varied to investigate the effect. (Displacement and draft are held 


constant.) <A new solution for GM, is necessary. 


Displacement effect is investigated three ways. One is simply the 


comparison of three different classes of icebreakers (Wind, Glacier, Lenin). 
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A second way is by holding, for 2 given class, the length, dreft, and 
beam constant while varying the block coefficient (and consequently 
displacement). « 

The third displacement comparison is to vary the size of a given 
cless of icebreaker such thet geometrically similar ships (geoeims) are 
generated. For exemple, ali lengths are multiplied by the scale factor; 
volumes(i.e. displacement) sre multiplied by the seale factor cubed. 

By means of the variations indicated above it is possible to determine 
what values (i.e. high, low) would lead to the generation of the maximm 
sustained downward generated by ramuing. 


Model Parameters 

In order to model test it is necessary to multiply all ship linear 
dimensions by 1/2. See equations (B222) and (R223). Coefficients are 
dimensionless and are not changed. Likewise, bow angle and spread angle 
are not changed. 

The ship displacement and the bollerd thrust must be multiplied by 
1/ r3, See equations (B226). 

The compressive failure stress of the ice must be miltiplied by 1//\. 
This, of course, implies that a different bow supporting medium must be 
used in model tests. (Care must be taken to adjust the coefficient of 


kinetic friction if necessary. ) 
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Since gravity and dynamics are involved, it is necessary that ship 
and model be at equivalent Froude Numbers, 


VL, 2 VL, Naw (3229) 


By using the above-mentioned scales, the scaled final position 
(State 4.) of model and ship will be identical and the downward forces 


under the bow will be related as follow: 


(B230) 


The relationship of time of events for the ship canpared to the 


time of events for the model is 


mh Cli 
7 = VA (8231) 
M 


Ouse A Wumbaice a! 7S SO im- PO) iM alae OR Yeti Oda? 
reat tee mmm © ad 


CC e———) a « pam 


et OE me le Sy 











“100 


ITI RESULTS 


Prediction of Westwind Behavior 

The problen of a "Wind Class" icebreaker ramming virtually um- 
vielding ice is solved using the solution indicated in Chapter If. The 
perameters used are given in Table IVY. Note that three different impact 
velocities are used 11.32 ft/sec (6.7 knots), 13.51 £%/sec,(8.0 knots), 
and. 15.52 ft/sec (9.2 knots). 

The solution to the problem includes x, z, and @ (as well as their 
respective first and second derivatives as functions of time. In eddi- 
tion, the downward force under the bow is determined as a function of 
tine. 

The choice of parameters is based on the characteristics of the 
Westwind at the time of tests run during the summer of 1963. During the 
period of contact with the ice, full throttle was used so the maximum 
value of bollard thrust is used in the progran. 

Figures VIII, IX and X are plots of the prediction of x, x, x} 

Zs Z, 2; and 9, 9, @ as functions of time for the run (37B) with an 
impact velocity of 13.51 ft/sec. 

Figure XI is a plot of the predictions of Z, 6, 6, and % as functions 
of time for an impact velocity of 11.32 ft/sec (Run 368). Figure XIII is 
Similar but for Run 37B and Figure XV is for Run 38B. 

Figure XII is a plot of the prediction of the downward force under 
the bow as a function of time for Run 368. (Figure XIV is for Run 37B 


Lou see te em pert 

oe ol eeisS lee years, afet er S site of 
at OES ea 8! 29rd Se oes te 1 ane piatere 
jag, Ur ee ee ees eT ee ee ee ee eg 
jared > 6) severe Sree feet a) eer a ee ee ed le 
ewe 7) ele) 42-08 Ben 

eet an Trew te) 6 lee se .2 tion) coin th ae eetintoe aff 
‘ue <li ee tert on er erie! feeues de it neem 
7 metinecl 644 Oeteen Lb ed fd woken none peewee df ale 
en 

ek Ye eriveltedsanei wi a ahah 4: mete UW Sofmty eer 
eee Pe el ee eed 
ee cet On a Mey Rite (Tet net ee pe remem le pty 
eexgerg beh 6h Seow Ot Cemmur tent tod to eae 

(Fk pe 2 Dey Oro We einige thee KT eet 
vt ode {6yC) ver 0 at ed te ecko oe 8 Oe a 
_ooale? D&25 Ye gabe Gey daar 

ccc wet dw 2 be to lw rot ti te te 2 es TX oe 
er Uk ewes (a) awl) O44 & Obele beet oot ee 
DE co WE OLE wet, ee EL Ge cet ord wellae 

phe: sew) bndiewel all V2 pOrsotey 28)  roly 2 et TX crete 

STE ae oe Ot FEE eugiay) Ah om MOY tp mere 2 we weed eee 











. 


-101~ 


and Figure XVI is for Run 38B. ) 
It must be recalled that the solution is based on an icebreaker 
identical to the Westwind except that it was asgumed the stem was straight 


and continuous from the waterline tc the keel. 


Observation of Westwind Trinis 
Tn the swmer of 1963 trials were run using the C.6.C. Westwind 
off the northwest coast of Greenland. (37) 
The following valves pertein to the trial runs of interest (26): 
EP = 250.0 f% 
B = 64.0 ft 
Draft fr@ 25.0 ft 
Dreft aft 27.5 % 
Mean draft H= 26.25' 
BA (bow angle) = 0.523 
SA (B) = 0,886 
AL (a) a 0. 7ak 


Sic (failure strese of ice) = 19.6 kg/em” (27) 
in tension 


Incidentally, the ice thickness exceeded 580 em, or 19.0 ft. 
By conversion, 


SIG = 279.0 1b/in® = 40,200 1b/ft” (in tension) 


- ale 


( 0 wh oad as Se oped fee 

POtieeernes A ov po Sede 66 aces qu cere Lalineen ro rt 
iiilerite Sen tase OF Rete wee. Cor eed carte of & lwolinemht 
sie ere | ecbborvee wile pett exentarson Not 
Mere fee! Fe tke peel 
hasee 600 5 2dr Site Or) oper tere FL cee 
. COR) tees erent let suaenc pier ants So 
et oan nln din taal on cmetieaiadin ities 
ree - @ - 





a | i! > 
® = et ier? Pet > 
— Te fetes mm 


ee 2! es 
PSLG - Veteem eed) 
— UL oe. 
ae = a, ee 


ta Kcigs"oAsé (nal sadeeeogeen’: oe 
_ etme at 7 














~LO2~ 


From the "Displacement and Other Curves" for the Westwind (28), 


Trim 2.5 ft by the stern 


Bf i 


i 26.25 Ft 
DIS = 5600 tons = 12,527,000.0 1b 


From a "Wind Class" inclining experiment (29), for normal load, 


GX (height of c.g.) = 23.4 ft 

CF (longitudinal position of c.g. of waterplane) ~ -1.3 ft 
Uncorrected LCB = - 2.4 2 
Moment to chenge trim i” = 18.6 x 20 = 372 ft-tons 
Moment = (372)(20) = 11,160 ft-tons 


11,160 
Shift of LCB eft = “= oO = 1.99 


LOG = LOG = -2.40 - 1.99 = -4.39 % 


Bow angle is increased due to trim by i 0.010 rad. 


BA = 0,533 
At the center of gravity, the thrust line is approximately 16 feet 
above the keel. ‘Therefore, 
D = 16.0 


From equetion (B20%) 


ie) berrwee i een" ered eet em tie” et tS 


ss atwo es: = 6a 
reo - Ff 
Tl ee Le et Oe 
chewed aeeyorm~ey (CE) srenbeege ai te Soot Sele At ot Pete 
mar «f ow Ww ota) 
0 tt eet te | unite Deeg? HO 
Nin. - GM eeernmed 
emoed) PT oe Ola peti s “Dadar gpa of foe 
ame-o7 Or, = (OES E! = cet 


Pra vn BEE = Soa « (ia Sal be SDR = 


Ae. - ei lan =e BOT 


ee ee ae 
_ eC ea 
Geet 1. Glapeckiowge ef mck: sere sed efron, WO meduee eis A 








-103- 


DIS _-_—s-_12,5 30,000 
GC," @l.2 Lad "2)(250 26.85 


C= 0.464 


From equation (3207) 


a | 0. 72h) (26. 
KB = Cc +a He 6. + 0.72 


0.724)(26. 
KB = Se aera = 16.0 ft. 


From equation (B203), 


Ch, = 0.030 + 0.1304 (a - 0.6) 


C,, = 0.030 + 0.1304 (0.724 - 0.650) 


C,, = 0.030 + 0.1304 (0.07%) = 0.0396 


ig 
From equation (5206) 





P TLC o = 
mM * Ga" (o.ueh)(20.2) ~ 
From equation (B211), 
Be os KB + HM - KG 


GM, = (16.0) + (203.0) - (23.4) = 19.6 ft. 


Maxionm thrust was used during the sliding end crushing phase. 
Moximm bollerd thrust for the "Wind Class” is 270,000 lbs. (4). 
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In summary, the velues given in Table IV pertain to the three trial 
runs of interest. 

The Gueerved veneTLEr of these three runs is given in Mgures XI, 
XIII and XV. These are plots of 2, 9 (measured by accelerometers) (the 
one for z was mounted near the center of gravity. ), 9 (measured by 
gyro), and x (as measured using "Raydist". The value of x was not con- 
sidered to be reliable according to DIMB personnel. 

It is noted that the protrusion of the housing for the formerly 
installed bow propeller would come in contact with the ice after about 
1.4% seconds in Run 36B (about 1.2 seconds for 37B.; about 1.0 seconds for 
38B). For that reason, observed results are not plotted much beyond those 
times. 

Figures XII, XIV and XVI are plots of the strain reading in the 
transverse direction at the lower portion of a forward transverse bulk- 
head. There is no direct correlation to the magnitude of the load at the 
bow. However, the strain on that bulkhead is primarily created by the bow 
load. For that reason it is plotted to show that the maxcimm peak load 
occurs about half a second sfter initial contact rather than when the 


icebreaker hes come to a stop with its bow well up on the ice. 
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TABLE IV 


PARAMETERS USED FOR FULL SCALE TEST COMPARISON 





WESTWIND 
BP = 250.0 ft B 

H «= 26.25 ft DIS 

BA = 0.533 rad” SA 

AL = 0.724 CF 

CG os -.39 tt ox 

> + Wo TB 

MH = «19.6 t FK 
ys = «(0.8 sia 


64.0 f 
12,530,000 lbs 
0.886 

-1.30 ft 

23.4 Ft 
279,000 lbs 
0.2 


144,000 lbs. 


Run 368 Impact velocity, Vl = 11.32 ft/sec 


Run 37B Impact velocity, Vl = 13.51 ft/sec 


Run 3B Impact velocity, Vl = 15.52 ft/sec 


idlimemettemmeeediittd 


e 
Slightly greater than 30° to account for initial trin. 


(30) 
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Effect of Variation of Parameters on Bow Force 

Figures XVII through XXIX are plots of the icebreaking force (sus- 
tained, State 4) as & function of each parameter. A "Wind Class" ice- 
breaker, as indicated in Table V, is used as the parent in each case. 
The parameters, in many uses, are not independent. The procedure is 
explained in Chapter II. 

In each case the impact velocity is also varied (5,10, 15, 20, 25 
ft/sec) and the plots reflect the effect of three increments of impact 
velocity (5, 15, 25 ft/sec). 

The entering argument for each plot is expressed in dimensionless 


form. 
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TABLE V 


PARAMETERS USED FOR ICEBREAXING CALCULATIONS 


(UNLESS OTHERWISE NOTED ON FIGURES) 


we, 


WIND CLASS 


6 rad. 
CP = -1.25 ft 


GK = 23.40 f% 
,000 1bs/rt° 


TB = 270,000 lbs 


FK = 0.2 


SiG = 14h 


B= 64.0 ft 


DIS = 12,100,000 lbs. 
Sh = 0. 


H = 2. (5 ft 
BA = 0.523 rad. 
AL = 0.724 

D= 16.0 ft 


GM = 19.6 ft 


FS = 0.8 


CG = -2.40 ft 


2 


SA = 0.886 rad 
CF = <1.45 ft 
GK = 24.5 ft 

TB = 455,000 lbs 


FK = 0.2 
SIG = 144,000 lbs/ft 


B= 72.5 ft 
DIS = 19,350,000 lbs 


090 lbs 


ft 


90.0 
3 » 


CF = -2.10 ft 
GK = 27.5 ft 
0.2 


SIG = 144,000 1bs/rt* 


‘ies 


TB = 730,000 lbs 
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Effect of Displacement and Impact Velocity on Bow Force 
Figure XXX is a plot of icebreaking force as a function of dis- 


placement for three different impact velocities. The displacements 
represent, the “Wind Clase", "Glacier Class", and "Lenin Class". In 
reality only the nine points plotted are the direct result of calcula- 
tion. The curves have been draw in to represent the trend. 

Figure 2001 is a plot of icebreaking force as a function of impact 
velocity for the three above-mentioned classes of icebreakers. 

Figure XXXII is a plot of icebreaking force as a function of dis- 
Placement for an impact velocity of 15 ft/sec. There are three curves; 
each curve represents icebreakers which are geometrically similar to the 
parent icebreaker indicated. 


The parameters used for the parent icebreakers are given in Table V. 


Effect of Variation of Parameters on "White Ratio" 

As indicated in the procedure, since the icebreaking force is 
approximately linear with respect to impact velocity and displacement, it 
appears useful to divide the icebreaking force by displacement times 
velocity (which is the "White Ratio”). 

Figures XXXIII through XXXX are plots of this ratio as a function of 
various parameters. These are based on an impact velocity of 15 ft/sec 
although other velocities give approximately the same value. ‘The three 


major classes are each plotted so that similar tendencies and magnitudes 
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may be illustrated. 


The parameters for the three parent icebreakers are given in Table V. 


%, 


Extrecting Thrust 
Figures XXXXT and XXXXII are plots of the ratio of extracting 


thrust to the maximm (forward) bollard thrust available as a function 
of bow angle, coefficient of static friction, and impact velocity. In 4 
sense, Figure XXXXIT is a set of cross-curves of Figure XO. 

Figure XA0QUII is a plot of the ratic of extracting thrust to the 
bollard thrust as a function of the spread angle complement (for 
various impact velocities of the three major classes). 


The parameters used are given in Table Y. 
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Model Correlation 

The upper portion of Figure XXXIV shows the prediction of ice- 
breaking force of 4 model as a function of time. The lower portion 
shows the prediction of icebreaking force of a geometrically similar 
ship as a function of time when the scale ratio, } , is 100:1. The 
parameters used in the two solutions are given in Table VI. 

Table VII gives the predictions of State 2 (end of crushing) 


and State 4 (static) values for model and ship respectively. 
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TABLE VI 


PARAMETERS USED IN MODEL-SHIP PREDICTION 
(= 100) (Wind Class) 


Model 
s 
BP = 2.500 ft B = 0.640 ft 
H= 0.257 it DIS = 12.10 lbs 
BA = 0.523 rad SA = 0.886 rad 
Vl = 1.0 ft/sec AL = 90.724 
CF = ~).012 ft CG= -0.02h ft 
GK = 0.234 ft D= 0.16 ft 
T = 0.270 ft (= 1.956 f 
FK = 0.20 2 FS = 0.80 
SIG = 1440.0 lb/ft 
Ship 
BP = 250.0 ft B= 64.0 ft 
H= 2.7 ft DIS = 12,100,000.0 lbs 
BA = 0.523 rad SA= 0.886 rad 
Vl = 10.0 ft/sec AL = 0.724 
CF = -1.25 ft CG = -2.40 ft 
GK = 23.4 ft D = 16.0 ft 
T8 = 270,000.0 lb CM= 195.6 ft 
FK = 0.20 FS = 0.8 
SIG = 144,000.0 1b 
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TABLE VII 


COMPARISON OF STATES FOR MODEL-SHIP 
(A= 100) (Wind Class) 


Model 


State 2 T2 = 0.06298 sec. 
TH2 = 0.00555 rad THD2 = 0.33924 THDD2 = 15. 35228 
Z2 = ~0.00111 ft ZD2 = ~0.06757 ZDD2 = ~-3.04988 
X2 = 0.06298 ft xD2 = 0.86371 XDD2 = -5.95608 
FXC2 = 0.24219 x10'lb PZC2 = 0.2489 x 10' lb 


xh = 0.2h292 ft Z4 = -0.01871 ft THY = 0.07567 
Vertical force at bow = 0.14587 x 10' ib 

White Ratio = 0.120551 

Extracting Thrust = 0.46863 lb 

Ratio of Extracting Thrust to Pollard Thrust = 1.736 


Ship 
State 2 T2 = 0.63496 
TH2 = 0.00556 rad THD2 = 0.03425 THDD2 = 0.15531 
Z2 = ~€O.11101 f% ZD2 = -0.63218 — = =3.08528 
X2 = -S96L ft zd2 = 8.63136 2DDR = ~6.02285 
FXC2 = 0.24186 x 10 FZC2 = 0.25165 x 10 
State 4 


Xk = 24. 35203 ft Ze =1.87490 fF rt, TH4 = 0.07568 
Vertical Force at bow = 0.14591 x 10' lb 

White Ratio = 0.012058 6 

Extracting Thrust = 0.46874 x 10° lb 

Ratio of Extracting Thrust to Bollard Thrust = 1.736 
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IV DISCUSSION OF RESULTS 


General 

The most significant result of this research is the establishment 
of a method of solution for determining the downward force under an 
icebreaker bow; this force is the result of ramming the ice and is a 
relatively sustained force. The complete computer program is given in 
Appendix B end yields the force wnder the bow as a function of 16 inputs. 
(14 are characteristics of the icebreaker; 2 pertain to the ice.) The 
Object of this research has thus been fulfilled - “a suitable equation 
for the prediction of the dynamically developed force at the bow of an 
icebreaker during encounter with virtually unyielding ice”. 


Validity 

Full scale tests were made in 1963 to determine structuralstrains 
during ramming. <As part of these ovservations other measurements were 
made (i.e. 2, 6, 9 and x). Migures XI, XIII, and XV show the predicted 
and observed values as functions of time. Comparison can be made only 
up to the time when the bow knuckle comes in combact, as indicated in 
Chapter II. The agreement of prediction and observation is quite obvious 
with trim angle, 9. The egreement of prediction and observation is very 
good with velocity, x (with the exception of Rum 37B where the observed 
value was known to be in error). 
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The correlation between predicted and observed values of accelera- 
tion (2 and 6) is much better then would seem apparent to a casual 
observer. It must be recalled that the prediction is for a solid body and 
that the observetj.ons were made on an e1astic body. The prediction is 
essentially an impulse, similar to striking the end of a beam with a 
Sledge hammer. The response (observation) 4s a vibration of this beam 
(ship) at its natural frequency. The accelerometers sense and record 
this vibration anc do not feel the impulse thet ae solid body would heave. 

Figures VIII, IX, and X show, to a more readable scale, the pre- 
dictions of x, z, and 6 (along with their respective first and second 
derivatives) for Run 37B. Inspection of these curves reveals a more 
meeningful representation of the prediction. 

Figures XII, XIV, and XVI illustrate one basic idea and observation. 
The observation shows that there is a peak strain on a forward transverse 
bulkhead which occurs at about one half second, while the ship doesn't 
come to a stop until three or four seconds later. This peak is important 
because it implies that there is ae maximum bow force during load crushing. 
Tnis force may be quite readily seen in the prediction curve for the 
force under the bow. The time this peak ocew's is quite dependent on 
the compressive failure stress of the ice (although the ultimate value of 
sustained force is not sensitive to the stress - as will be explained 
later). For exemple, using a stress of 144,000 lbs /tt" leads to a peak 
(for Run 37B) at about 0.6 seconds. If 40 3000 1bs/ rt” were used the peak 


would occur at about 0.9 seconds. 
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From the above-mentioned comparisons it is realized that the 
mathematical model of this dynamic motion and the corresponding force 
under the bow.does give a valid representation of real dynamic icebreaking. 


Variation of Parameters, Effect on Dowward Force. 
Compressive Failure Stress of Ice: 

As may be seen in Mgure XVII the dynamically developed force under 
the bow is insensitive to the compressive failure stress of the ice. As 
noted earlier, the impulse peek comes earlier (and is of greater magni- 
tude) when the stress is increased. Obviously the ship designer does 
not have control of this characteristic so it is indeed fortunate that 
this parameter is not significant. 

Ratio of Height of Thrust Line to Draft; 

As used in the caleulations, the “height of thrust line” represents 
the approximate distance from the base line to the shaft line measured 
at the longitudinal position of the center of gravity. 

Figure XVIII illustrates that the downward force is insensitive to 
the height of the thrust line. 


Retio of Bollard Thrust to Displacement: 
It is interesting to note, from Figure XIX, that the application of 


full power, once initial contact is made, increases the downward force by 


OS ca 


This section of the discussion is based on Wind Class calculations but 
is valid for the Glacier end Lenin. 
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only a few percent. Pollard thrust is very important, but for two 
reasons not immediately apparent here. High thrust capability is 
necessary to attain worthwhile impact velocity in a short distance. As 
will. be noted later, backing thrust of large magnitudes is very important. 


Ratio of Longitudinal Position of Center of Gravity to Length: 
Figure XX illustrates that the downwerd force is insensitive to the 


longitudinal position of the center of gravity. 


Ratio of Longitudinal Position of Center of Flotation to Length: 
Figure XXI illustrates that the downwerd force is insensitive to the 


Longitudinal position of the center of flotation. 


Length-to-Beam Ratio: 

Although the beam is important as it affects transverse stability, 
the width of the channel established, and maneuverability, the length-to- 
beem ratio has little or no effect on the downward force. This is 


apparent in Figure XXII. 


Ratio of Height of Center of Gravity to Dreft: 

Figure XXIII indicates that there is e slight advantage in keeping 
the center of gravity relatively low. There is naturally a gain in 
transverse stability also. However, this variation should not be con- 
sidered as significant in the design of an icebreaker since the magnitude 
of change is only a few percent in a shift of one tenth of the draft. 
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Beam-to-Draft Ratio: 

As may be seen in Figures XXIV and XXXTII, an increase in the 
beam-to~draft ratio causes a definite increase in the downward force. 
Although beam and draft are normally determined on the basis of other 
considerations, where possible e preference should be given to high 


bpeam-to-draft ratios. 


Waterplane Coefficient: 

If the waterplane coefficient is increased (implying a reduction 
of the waterplane coefficients of immersed waterplanes) there is an 
increase of magnitude of longitudinal metacentric height. Consequently 
there is a greater downward force. This may be seen in Figures XiV 
and XXXIV. 


Block Coefficient: 

Figure XXVI indicates that the downward force may be increased by 
increasing the block coefficient. However, the reason for this increase 
is that the displacement has been increased correspondingly. It is to be 
noted from Figure XXXV (where the force has been divided by the product 
of impact velocity and displacement) that increasing the block coefficient 
decreases the downward force with respect to displacement. 

In substance, this means that where a choice is possible, it is 
preferable to have a large (by linear dimension) icebreaker than e small 


full one (large c,) of the same displacement. 
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Spread Angle Complement: 

As may be seen from Figure XXVII, an increase in the spread angle 
complement (making the bow "sharper") causes a reduction in the downward 
force which ann be attained by ramming. Migure XXXVI illustrates the 
seme result. It is to be noted that there is a significant reduction 
if bows were to be "sharper" than those on the three major classes 
investigated. 

A decrease of the spread angle complement (making the bow "blunter”") 
eauses an increase in the downward force witich can be attained by ramming. 

As will be discussed later, it is important to note that making the 
vow "blunter” also decreases the amount of thrust necessary for extraction. 


Coefficient of Kinetic Friction: 

As would seem obvious, an increase in the coefficient of kinetic 
friction causes a reduction in the downward force. This may be observed 
in Figure XXVIII and in Figure XXXVII. 

Unfortunately, the coefficient cannot be readily controlled since 
it depends on the ice as well as the ship. It is apparent, however, 
that any reduction of this coefficient would be of value. Smoothness 
of the bow or the application of a durable low friction coating should 
certainly be considered. (A reduction of 1/10 in coefficient may lead 


te &@ 20 o/o increase in downward force. ) 
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Bow Angle: 

Probably the most frequently discussed variable of icebreaker 
Gesign is the engle the stem makes with the base line. As long as the 
attaining of maximum downward force as a result of ramming is the main 
eonsideration, it is of great desire to have a relatively small bew angle. 
For example, an icebreaker with a 20° bow angle could exert (by ramming) 
about 20 o/o more downward force than an equivalent icebreaker with a 
30° bow angle. This may be observed quite clearly in Figures XXX, 
XXXVIII, and XXXKIX. 

In Figure XXIX line A-A indicates the condition where the peak 
loed (vertically) during crushing is equal to the finel sustained down- 
ward force. The area to the right of line A-A is a region where the peak 
crushing load is greater than the sustained value. For example, et 30° 
the peak crushing load is about twice the magnitude of the susteined 
downward force. Therefore it is desirable to reduce the bow angle in 
order to reduce the relative intensity of this pesk load. 

Unfortunately, decreasing the bow angle increases the thrust necessary 
for extraction, as will be explained later. 


Displacement : 

Figures XXX, XX, and XXXII all indicate that an increase in the 
displacement causes an increase in the downward force, as would be 
anticipated. 
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Figure XXX simply shows the effect of displacement by plotting the 
results of the three major classes of icebreaker investigated. It is 
significant that the downward force (in the full scale range) is approxi - 
mately linear with respect to displacement. Figure XX is a set of cross 
curves of the same information. 

Figure OCI shows the effect of increasing displacement by genera- 
tion of geometrically similar icebreakers. It is clear that the downward 
force is epproximately linear with respect to displecement. It is also 
clear that "geosims” of the three classes selected produce about the 


seme downward force at amy given displacement. 


impect Velocity: 
As may be seen in Mgure XXX], the downward force produced es a 
result of ramming is approximately linear with impact velocity. For 
example, a Wind Class icebreaker produces a downward force of about 
1 1/2 million pounds after impacting at 10 feet per second (about 6 
knots); 3 million pounds is produced at 20 feet per second (about 12 knots). 


It is also interesting to note that ea Wind Class icebreaker can 
produce, at 15 feet per second (about 9 knots), the same downward that 
the Glacier produces at 9 feet per second (about 5.3 knots). ‘This is 
quite significant when one reelizes the Glacier has about 60 o/o greater 
displecement. 
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Impacting at higher velocities is probably the most productive way 
of increasing downward force. However, this means that the peek crushing 
load will be greater also unless the bow angle is reduced from the 
present ee of 30°. 

As will be seen later, the necessary thrust for extraction will 
probably (but, oddly enough, not “necessarily") be increased. 

Higher impact velocities require more thrust for acceleration - and 
probably more confidence and courage on the part of a commanding officer. 

Figure XXXX shows the relative insensitivity of "White Ratio" with 
variation of impact velocity. Since the “White Ratio" is the downward 
force divided by the product of impact velocity and displacement, it is 
egein clear that the downwerd force varies linearly with impact velocity 
(and displacement ). 





Since the extracting thrust necessary to pull the ship off the ice 
is directly related to the downward force wider the bow (and the angle 
at which the static friction is applied), it may be safely stated thet 
practically any variation of parameter which causes an increase in down- 
werd force also causes a corresponding increase in extracting thrust. 

The effect of change in some parameters is worthy of mention, 


particularly because there is one notable exception to the above generality. 
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Static Coefficient of Friction: 

As may be reedily seen in Figures COU and OI, and as ia in- 
tultively obvious, s decrease in the coefficient causes e decrease in 
the extracting thrust. 

The plots use extracting thrust divided by maximm bollard thrust 
(ahead) as the ordinate. At first glance it would not seem likely that 
an icebreaker with a 30° bow angle could extract itself if the coefficient 
of static friction were 0.8 (as used in most calculations). However, in 
spite of extraction difficulties, all the icebreakers have managed to 
break free. This is readily explained when one considers the other 
factors influencing extraction such as shifting the rudder, using 
trimming and heeling tanks, end explosive charges on the ice. 

Experience would indicate that an extracting thrust to bollard 
thrust ratio of approximately 2 is not unreasonable for ea velid icebreaker 
design (preswaing the coefficient is about 0.8). However, experience has 
shown that we are not far from the threshold with present designs. 


Bow Angie: 

it is obvious from Figure XXXXI, e decrease in bow angle causes a 
very significant increase in extracting thrust. For example let us assume 
thet a value of 2 is a tolerable limit for extracting thrust to bollerd 
thrust ratio (as above). Note that we are approximately in that range 
(or below) with a 30° bow angle. However, if a Wind Class icebreaker had 
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a 20° bow angle the ET/TB ratio goes to approximately 7 (for 25 feet per 
second), an obviously intolerable velue. 

Yet we haye seen that, for reasons of increasing downward force 
end decreasing the relative peak crushing load, it is desireble to 
decrease the angie. Apparently reduction of the bow angle (below 
present 30° practice) cannot be wisely undertaken unless there is a re- 
duction of static friction (or, es will be seen later, a "blunting" of 
the bow). 

Figure XXXII” shows quite clearly thet an icebreaker with a 20° 
bow angle could be operated as safely (from the point of view of ex- 
trection) as an equivalent icebreaker with a bow angle of 30° if there 
were some way of reducing the static friction two tenths (i.e. from 0.7 
to 0.5). 

It is recommended that strong consideration be given to some method 
of reduction of static friction. This could be accomplished to some 
degree by making the bow smoother. It seems probable that dureble, low 
friction coatings could be used. So-called "no stick” coatings are in 
common use in other applications. They are even used on snow shovels to 
prevent sticking. Although the use on snow shovels points out the 


reduction of static friction it does not necessarily represent the 





Sg 


. The numerical values are also approximately valid for the Glacier 
and Lenin. 
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durability. However, the Air Force uses such a coating (Teflon) on the 
skis of some of its heavy aircraft to prevent adHering to the ice. In-~ 
vestigations along these lines should prove worthwhile. 

It is also interesting to note,in Figure XXXXiI, that a reversal 
takes place at low values of static friction. For exmnple, an icebreaker 
(with a 30° bow angle) requires about half bollard thrust to extract if 
it has impacted at a low velocity of 5 feet per second (about 3 knots) 
when the coefficient of static friction is about 0.55. However, little 
or no backing thrust 1s required if the impact velocity is 23 feet per 
second (about 15 knots). This is because it is a somewhat critical 
region for static friction and the higher impact velocity has given a 


greater trim angle. 


Spread Angle Complement: 

As was noted earlier, as an icebreaker bow is made more blunt the 
downward force is increased. Most significantly however, the necessary 
extraction thrust is reduced. This may be seen clearly in Figure XXII. 
For exemple, if a Wind Cless icebreaker with the regular (about 50°) 
spread engle complement rams the ice at 25 fect per second the extracting 
thrust is about 3 times the bollard thrust. If the same icebreaker head 
a blunter bow (about 25° spread angle complement) no thrust at all 
would be required for extraction. 

It is to be noted thet this is the only variable which can be 
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changed and improve downward force and extracting characteristics at the 
same time. It is recommended that bows for polar icebreakers be designed 
with a emller spread angle complement (a blunter bow). 

It should be realized that reducing the spread angle complement 
increases the entrance angle of the bow (measured in the waterplane). 


However, the entrance angle may be reduced by decreasing the bow angle. 
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It is quite apparent (from Figure XXXI) that there would be a 
considerable gain attained in downward force (ond relative decrease of 
pec’: "oad durfhg crushing) by using small bow angles. Yet it is also 
apparent (from Figure XYXXI) that the bow angle, for extraction, should 
be relatively hich. However, the need for this higher bow angle exists 
only at State 4. ‘Therefore 1t is recommended chat this higher angle 
exist only at lower sections of the stem, where the stem and bow plating 
would be in contact with the ice once the forward motion had stopped 
(State 4). 

The result of adopting this idea would be as shown in Figure XXXXV. 
The stem is slightly concave. The initial contact with the ice would 
come Where the bow is at a 15° to 20° angle. The slope would change 
continuously down to the lower portion of the stem such that the bow 
engle would be slightly in excess of 30° in the area which would be in 
contact during State 4. Particularly considering the recommendation for 
@ small spread angle complement (blunter bow), this should lead to 
higher sustained downward force, relatively smaller peek load during 
crushing, and elimination of extraction difficulties. 
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Model Correlation 

As seen in Figure XOOUV, model predictions may be scaled up to 
ship predictions based on the equations and scaling factors given in 
the procedure. 

Naturally the model must be geometrically similar. This means that 
linear dimensions are related by “\and that volumes are related by ->. 
Coefficients remain the same. The compressive failure stress of the 
ice (or simulating support for the bow of the model) must be related by 

» + Model and ship are to be operated at the same Froude Number at 
impact. 

The vertical force at the bow of the ship is A 3 times the force 
at the bow of the model. The time-of-ship-event is Vv times the time- 
of -model -event. 

The distances and positions are related by \ as may be seen in 


Table VII. It is noted that extracting forces are related by a3. 
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V__ CONCLUSIONS 


General 
The mathematical model of icebreaker motion and corresponding 
downward force .wnder the bow (given in the Procedure) is valid. 
Therefore, the camuter program may be used for the prediction of 


dynamically developed force at the bow of an icebreaker during encounter 


with virtually unyielding ice. 


Effect of Parameter Variation 

There is no "optimum" value for any one parameter for maximm down- 
ward force. In other words, all curves of downward force as a function 
of a given parameter are without peak or hollow. (The derivative of the 
curve does not go to zero. ) 

The following is a list of causes which will give the effect of 
increasing the downward force developed by ramming: 

Increase of displacement (approximately Linear relationship). 

Increase of impact velocity (approximately linear relationship). 

Decrease of the bow angle.” 

Decrease of the spread angle complement (blunter bow). 

Decrease of the coefficient of kinetic friction. 

Decrease of the block coefficient. 

increase of the waterplane coefficient. 


Increase of the beam-to-draft ratio. 





This decrease of bow angle also lessens the severity of the peak 
load at impact relative to the final downward force. 
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The following parameters have little or no effect on the down- 
ward force developed by ramming: 
Ratio of height of center of gravity to draft. 
Length to: beam ratio. 
Ratio of longitudinal position of center of 
flotation to length. 
Ratio of longitudinal position of center of gravity to length. 
Ratio of bollard thrust to displacement (except as explained in 
Discussion). 
Ratio of height of thrust line to dreft. 


Compressive failure stress of the ice. 


Extracting Thrust 

With the exception of the spread angle complement, all variations 
of parameters which cause an increase in downward force also cause an 
increase in the extraction thrust. 

Decreasing the spread angle complement reduces the extracting 
thrust markedly while improving the downward force characteristic. 

It should also be noted that any technique used for reducing kinetic 
friction (which would increase the downward force) would probably 
reduce the static friction (which would decrease the extracting thrust). 

A reduction of the coefficient of static friction significantly 
reduces the extracting thrust. 
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Model Correlation 


In icebreaker model tests the results of force may be scaled by 
A : if the Freude Number of the model at impact is the same as the 
ship and if the "virtually unylelding ice" of the model test has a 
compressive failure stress equal to the failure stress of the ice 
divided by /. 
The position may be scaled using A based on the relationship that 


' 5 ~~ 
the time-of-ship-event equals \ A times the time~-of-model -event. 
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VI RECOMMENDATIONS 
Genera, 

It is recommended that the characteristics of any proposed polar 
ieebreaker be used in the mathematical model (computer program) to 
investigate the downward force developed by ramming. The program should 
also be used to determine extracting thrust and the peak load of the 


crushing phase. 


Selection of Characteristics 
If attaimment of the maximum downward force were the prime ob- 
jective in the design of e polar icebreaker, the following choices would 
be significant: 
Large displacenent 
High impact velocity 
Small bow angle 
Small spread angle complement 
Low velue of kinetic friction (dependent in part on the ice). 
Small block coefficient (if displacement is constant) 
Large waterplane coefficient 
High beam-to-dreft ratio 
The following characteristics may be disregarded (concerning down- 
ward force): 
Ratios of 
Height of center of gravity to draft 
Length to been 
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Longitudinal position of center of flotation to length 
Longitudinal position of center of gravity to length 

Bollard thrust to displacement (except as explained in Discussion) 
Height of thrust line to draft 

The free selection of apperently desirable characteristics is 
Limited by the extracting requirement. It is recommended that ex- 
tracting thrust requirements be kept in mind (and evaluated) when 
selecting characteristics. 

Decrersing the spread angle complement and reducing friction in 
general (both static and kinetic) are the only ways of simultaneously 
increasing downward force and reducing the extracting thrust requirement. 

It is recomended that future polar icebreakers have blunter bows 
(measured in a plane perpendicular to the stem). 

It is furthermore recommended that significant efforts be made to 
reduce friction between the hull and the ice, particularly static 
friction. One of the most hopeful soiutions is in the use of durable 
“no-stick” coatings as discussed previously. Other technicues may also 
be possible (i.e. “lubrication” or heating). 

If a useful technique for reducing this static friction becomes 
possible, then it would be recommended that the bow angle be selected 
from values less than the presently used 30°. 

Tarust should be as great as possible commensurate with other con- 
siderations. A larger thrust allows higher rates of steady icebreaking. 


A large thrust allows greater acceleration in a relatively shorter 
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distance to attain a desired impect velocity, which is quite important. 
Backing thrust is equally important. If higher backing thrusts were 
available then it would be possible to select characteristics which 
would increase “the downward force under the bow without as severe a 
limitation imposed by extracting requirements. 

Since high thrust at low speed (or zero speed) is extremely 
desirable, efforts should be made to select (or design) for maximm 
backing thrust at 100 percent slip, even at the sacrifice of open water 
effictency. Although sase work has already been done (80) concerning 
the use of Kort Nozzles, much more investigation is needed and 


recomended. 


Model Testing 
It is recommended the model test of ramming be undertaken using 


@ Froude Number for model operation which is the same as the ship at 
impact. 

The model that may be similar to that used by Richardson (14 and by 
McMahan and Abrahams (40). However, it in necessary that the 
materiel used as “ice" have a significantly lower compressive failure 
stress specifically 1/ > times the compressive feilure stress of ice. 
This will allow local crushing to accommodate the bow of the model to 
the same relative degree as the bow of the ship. This will lead to 
results which may be scaled. 


Care must be taken to insure that vibration of the support for the 
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"$ce" 4s eliminated or mimnintzed. 
Trough: such tests other effects, such eas loss of stability when 


encountering virtually wylelcing ice, may be examined. 


Bow Shape 


It, is recommenced that the bow shape of poler icebreakers incorporate 

the ideas illustrated in Figure XXXXV. The angle et initial entry 

should be smell (i.e. 15° to 20°) ana the stem should be concave such 
that the area in contact with the ice after stopping heave « relatively 
steeper slope (i.e. 30° - 35°). ‘the spread angle commlement shovld be 
relatively higher (biunter), perhaps in the order of 0.6 radians (34°). 
Compexed to present bow shapes, this recommended shape will iead to 
greeter cownward susteined force, relatively emeller peak ilcad during 


crushing, and elimination of extraction difficulties. 
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Figure XXXXV 


Recommended Polar Icebreaker 
Bow Profile 









"Small" angle for large 
sustained force and 
relatively small peak 
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VII APPENDIX 





1 he 
A. SUPPLEMENTARY INTRODUCTION 
Runeberg's Equation 
In 1888 an equation was published (10) for the determination of the 
vertical component of force produced at the bow of an icebreaker during 
uninterrupted a 

Runeberg ona the following symbols for his development: 

V= "VYertieal pressure at bow", Vertical component of force at bow in lb. 

R= Thrust of the proveller in lb. 

Q@= Trimin deg. (change of trim) 

A= Displacement in +.' 

= Angle of inclinetion of butteck lines to the waterline, (stem 
angle) in deg. See Mgure A-T. 

b= "Inclinetion of cross sections teken perpendicular to the buttock 
lines with respect to the waterline”. 

(His use of this term indicates that it is the complement of the 

angle from the & plane to the hull measured in a plane which is 

perpendicular to the stem.) See Mgure A-II. Expressed in deg. 
v= Velocity in ft/sec. 

S = Mean decrease in draft in ft. 

Q= "Pressure normal to buttocks". (His use of this term indicates 
it is the force in the & plane normal to the stem.) Expressed 
in lb. 

N= Total force perpendicular to the bow plating. (Note that N/2 
acts on each side of bow.) Expressed in lb. 

£= Coefficient of friction of bow plating relative to ice while 


moving. 
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Figure A-I 
Dilustration of Terms Used by Runeberg 
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P = Propeller pitch in ft. 

No = Shaft rpm. 

p= "Mean effective pressure on total piston area". (His use of this 
term indicates that it is the mean effective pressure multiplied 
by the total area of the pistons.) Expressed in lb. 


S = Length of stroke in ft. 


Runeberg developed his equation for the vertical component of force 
at the bow using the equilibritm equation based on Figure A-II. It is to be 
noted that his figure does not agree with presently accepted standards of 
notation out still leads to an acceptable result. 

V was drawn perpendicular to the waterline. AB represents the line 
of the stem and the buttocks in the area of contact. Q was drawn perpendi- 
cular to AB. 

The ship slides up (neglecting momentum) to a point where the force 
downward along the stem becomes equal to the force pushing the bow upward 


along the line indicated by the slope of the stem. At that point 


K = R cos 9 (Al) 
where K = Vsin# +f N (A2) 

it follows that 
Reos $= Vsing +f N (A3) 


This can be put into the following forn: 


R cos -fWN 
a Ree to (48) 


He indicates that the thrust provided (by pressure on pistons) is 


divided into six parts according to Froude. 
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Figure A-II 
Bow Equilibrium by Runeberg 
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1. Useful thrust (normally equal to the ship's ow net resistance). 

ee Augmented resistance due to action of propeller. 

3 Friction of screw blades against water. 

in Slow speed friction of engine. 

> Working load friction of engine. 

6. Resistance due to air and feed pumps, etc. 

if the snip is pushing esainst the ice the last five remain unchanged 
but the ship's own resistance is equal to zero and in its place is the 
thrust R. (He has assumed no advance through the ice and that all useful 
thrust can be used against the ice. ) 

Runeberg assumes that 37.5 o/o of indicated thrust is that portion 
which goes to "the ship's own net resistence". Therefore he simply trans- 


fers this amount to use for ice-breaking. 


na cleo ~ Hi 33,000 _ 12,375 sup (15) 
~ 100 P x No ~ Px No 


2p 5 No 
where IHP 33,000 


Rewriting equation (A5), 


i= aa (A6) 


As can be seen from Figure A-III, 
N 
Q= (2) (5) cos B = N cos B (A7) 


where Q is in the plane and perpendicular to the sten. 


Again referring to Figure A-III, it can be seen that 


Q= R sin $ + V cos # (AS ) 
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Figure A-III 


Resolution of Forces Normal to Bow Plating 


Bow Plating 





N/2 a ZA N/2 


HQ 
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(looking down line at stem) 
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Substituting for Q this becomes 
N cos 8B = R sin § + V cos 9 
or 


R sin pg + V cos ‘4 
a) cos 8B (A9) 


By substituting equations (AG) and (A9) into equation (A4) the 


following equation results: 


0. S cos 0. fps sin f V cos 
v=? gin p ~ P sin $ cos 8 ” sin @ cos B (ALO) 


Then this can be rewritten to 


_ 12,375 IP a $ cos B - f sin 9) 
7? No P (sin 9 cos B + f cos (Ai) 
Converting the symbols used in equation to those used generally in 


this research, the equation becomes 


Ty. (cos i, cos B - f, sin i 5) 


(sin is cos 6 + Le cos i e? (Al2) 


or 
12,375 (ihp) (cos i, cos B - f, sini =) wans 
- “Steel Gein 1, os BF ee Ty 
where Runeberg suggests that fi = 0.05. 
The following assumptions were made during this development: 
1. There are no momentum effects. 
2. The forward motion through the water is effectively non-existent 


% 
so that the thrust can therefore all be applied to icebreaking . 


% These assumptions were not stated. 
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3. ‘Thrust was directed horizontally at all times . 
4, ‘The direction of friction force (along the line of the stem) 
remains the same during forward horizontal progres S* 

His equation was develoved on the basis of a ship sliding up on the 
ice very slowly“under the influence of its own thrust. It is deliberately 
approximate and was developed to be used for uninterrupted progress. 

Runeberg does go on to develop some ideas concerning the “icebreaking 
power of a steamer when charging" but of these there is no direct connection 
to the forces developed at the bow. 

If a ship is charging the ice he indicates that it will have “momentun” 


2 
equal to “7 where D = displacement in pounds. This “momentum” (actually 


kinetic energy) will be employed in the following two ways: 

1. Hlevating the ship 

2. Overcoming frictional resistance as tne bow glides up on the ice. 

Later he mentions the work added by means of thrust while in ice con- 
tact. He indicates that there is an increase of frictional resistance due 
to an increase of normal pressure which is brought about “by the center of 
gravity of the ship changing direction of motion after the bow has struck 
the ice”. Although he does not use it to advantage, this is the only 
mention of this particular dynamic force to appear up to this date (1964). 

Unfortunately on the other hand, he presumes the loss by concussion 
is insignificant. 

His concern over ranming does not lead to any prediction of force at 


the bow. 


* These assumptions were not stated. 
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Kari's Equation 
In 1921 a book entitled "The Design of Icebreakers" by A. Kari was 


published (11). An equation is developed which does give the downward 
component under“the bow during icebreaking. Kari developed this in order 
to determine certain characteristics the vessel should assume in order to 
break a given thickness of ice. As written the development leaves much to 
be desired. It is paraphrased and clarified here somewhet. 

The following symbols are used: 

W= Displacement, tons 
R= Upward ice resistance, tons 
9= Inclination of stem to horizontal (original), deg. 
= Maximum permissible angular displacement of LWL, deg. 
= Distance of the center of flotation forward (+) or aft (-) 
of emidships, ft. 
L= Length of LWL, ft. 
D= Moulded mean draft, ft. 
GM' = Longitudinal metacentric height, ft. 
t = Maximum thickness of ice to be expected, ft. 

Figure A-IV illustrates many of these symbols. 

Consider the locus of the point of initial contact; it moves along a 
somewhat circular path. Kari states, "This is the result of angular oscil- 
lation about the center of gravity and the gradually reducing forward 
motion. A force is produced by the angular displacement of the ship's 
waterline. The center of buoyancy is shifted aft and a trim moment is 
provided which, being divided by the separation of the point of contact 


with the ice from the center of gravity, provides the breaking power”. 
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Figure A-IV 


Tllustration of Symbols Used by Kari 


F ae. K = 
mi p 7 LS Tk 
R - eo ae 
ee Sune gag 16 
: x 








“18h. 


This statement becomes reasonable if one substitutes "center of flo- 
tation" for "center of gravity”. 


The trimming moment at a trim @ can be expressed as 


« WxGZ'=WxGM' sin g (AL4) 
Referring to Figure A-IV it can be seen that 
AK = AF sin ¢ (A15 ) 
Without stating the equality or the reason for it, Kari then sets 
AK = t. It is important to note that, in order to continve with any 
logic, it is necessary to redefine t. 
t = Rise of point A in ft. 
Then 
t = AF sin ¢ (A16) 
Kari states that AF is approximately equal to x. Therefore 
t= x sin @ (A17) 
Summing moments about the center of gravity and setting them equal 
to zero he gets 
Wx GM‘ x sin @ = Rx (A18) 


Using equation (AlL7) x may be eliminated. 


Rxt 


- '% 2 
“a = Wx GM‘ x sin 9 (A19) 
or 
4 
? 
bz Sie p (A20) 
cL? 
Assuming that G M' is approximately BM‘ and that BM‘ = “> «one gets 
2 2 
R= WxGt x sin pb (A21) 
pt 


where C = 0.07. 


cell ty seddew” pul Vey) tl Dh Se ete Soe 2 
‘ws Meee en =m 


°) fev@eeraee ef 1 O des © oe oe Ele) eet 


vd} Qeiet MOee se Toe 
(eel Keet wo tro 2) 724 eee) et parereRed 
4 ema) 5 aie » @ 
ete eed) oe AT Ot sewer A To there be qebiets dvode 
ks city woultteoe of welts af ctodd wre A) tieyoge! ef IT 2 = Bh 
(> opelne: al Tebewen BL 3t . skeet 
Zitat A dee It MH ~ 


at 
(ara) ule whee 
eeGout! 6 0) Lanpe yledeeteonme af TR Jou: eommes fisk 
(isa) Sumaes 
Lae mat ga krtve Sas ys Diexg ‘to xete0o sul7 cieGle ecmamom grime 
bfag on wie oS 
(ita) MeRere«c #OeY 


termumiie e€ qae & (01) eck dntnt 


ice 


(eta) Woes NG ae eee 
2 


(eas) Rae eed aY Lg 


aie ono Powe tadt bee *) & qietamieee ot ‘© smut artereat 














~185- 


From this point he goes on to end up with a rather astonishing result 
which will not be developed here. The equation gives the necessary length 
of a ship as a function of bow angle, trim, location of the center of flo- 
tation, and the, ice thickness. 

L = 2+ (cot 9 + cot $) +220 (A22) 
where t in this case reverts to the original definition of "naxdmm 
thickness of ice to be expected, ft." 

Returning now to the downward force, R, as seen in equations (A20) 
and (A21), it is necessary for one to use an approximation for the vertical 
rise of point A which is indicated by "t" in the equations. It will be no 
less logical than many of the assumptions he has used to substitute L/2 sin % 


for t in order to obtain a more useful form. Equation (A20) becomes 


Wx GM‘ x sin 
R= [7S (A23) 


and equation (A21) becomes 


WxCxtLx sin 
R = Sanh i RnaeninNS (Az) ) 


where C = 0.07. 
Converting the symbols used in equations (A23) and (A24) to those used 


generally in this research, the equations become 


c 4 GM, sin © 
Fy = (Az5) 
and 
2@ACL sin 8 
7, < A (A26) 


where C = 0.07. 


~ 


Lary) ne eee eet ee © oan ee & Ss fe wT 
al Cees 2O eee eet oo Peet &@ OO Go 
ul es hae! So) ets ow OO oe NN Shae) » WO YN 2 io 
ee ee ae 

{enh} e5+ (G0 a- ++ ore - 4 

motes” % robekcyed Miter eG) f° eheerriy ome ef0 ai ¢ exede 
“12 Setctig oo) eat ko mumanty mde 

(CoA) gate th cee ef A sooo! aemon ens cd WOO Deu te 
Exodar ad yo? pe eciscrnye ne eu &) em UD Omen af 34 (164) doe 
re ed Cite 47 koe ce ot "2 of beesndaey eb tie A Satoz to pally 
@ fie Ed eet rncwe OF tee war ee meredogmcme af! Se yoke aml leaning weet 
eee) (80k) eotieepl cael wise! eis 9 cae 0 yeeres al 3 om 


igen) Anes pest - 


wet (ta) noleaupe ~~ 








bdus) -Amtetgass i 9 ~ Ld 
-0.0 « 9 tw 

saw saat oy (uth) tae (00) minkidaps Ad Seer” glincimee wt ants-escrs 
— nace RAOtIEy ha) Gereeaes Gtct ck yileseney 


@att Moo’ 











-186- 


The equations for the downward component do not indicate the maximm 

and are approximately valid only for 4& motionless case. 

In arriving at equations (A20) and (A2L) Kari used the following 

assumptions or expedients: 

1. There are no momentum effects. 

2. The vertical rise of the bow is equal to the thickness of the 
ice. (The effect of this assumption was nullified by redefining 
the symbol t. hs 

3. The distance from the final point of contact with the ice to the 
center of flotation is assumed to be the same as the horizontal 
distance from the final point of contact to the center of gravity. 

4. The effective displacement is not effected by the force at the 
bow, nor is the draft. 

5. Following 4, the center of flotation and the longitudinal meta- 
center remain fixed. 


6. The normal assumption is made that GM, = BM. 


The value of C in equation (A21) is 0.07. 
% 
8. Friction is neglected . 
9. It is insignificant but G Z' should be shown perpendicular in 


Figure A-IV. 


* These assumptions were made but not stated. 
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10. The summation of moments was set equal to zero. If forces had 
been sumed there would have been a discrepancy. 
In summary, Kari's equation states that the vertical component of 


force, F.,, in tons is a funetion of the following: 


4, displacement, tons 


Git, » longitudinal metacentric height, ft. 


8, change of trim, deg. 
L, length between perpendiculars, ft. 
or 


H, draft, ft. (instead of Gi, ) 
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Simonson's Equations 
In a paper published in 1936 (12) an equation was presented giving the 


force available for breaking tce. This is the steady stete vertical re- 
action which results when the vessel is forced out of her normal water- 
plane by the thrust of the propeller. 
The following symbols were used in this development: 
Ws: Vertical reaction at the bow at the point of contact with 
the ice in lb. 
M= Trimming moment of the vessel to change trimming 1 in. 
expressed ft-t/in. 
T= Thrust of the propeller in lb. 
Y= Allowable trim in in. 
b= Distance from the center of flotation to portion of the sten 
in contact with the ice in ft. 
lL = Length between perpendiculars in ft. 
A= Displacement in t. 
GM = Longitudinal metacentric height in ft. 
f= Change in trim in deg. 
K = Velocity expected through the ice in kt. 
HP = Total horsepower available less the amount necessary to 
drive the ship at speed K (in open water), hp. 
f= Overall efficiency of power plant and propeller at speed K 
when developing maximum horsepower; varies between 10 and 25 


percent. 
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C, = Thrust coefficient, (These units must be 1b-sec*/rt". ) 


<4 
it 


Revolutions per second obtainable at speed K at rated 
horsepower, rps. 
% 
= Propeller pitch in ft. 


Propeller diameter in ft. 


oOo pf VW 
i 


= Angle between the stem and the surface of the ice field in deg. 


Angle between stem and waterplane (original) in deg. (This 


~~ 
ij 


is the designed stem angle. ) 
The vertical reaction, W, is due to the trimming moment, M, when the 
vessel is forced out of normal waterplane by the thrust, T. ‘This is ex- 
pressed in the following approximate equation: 


W = egy Y (a27) 


The moment to change trim one inch can be expressed as 


AGM 
N= 34 (A28 ) 


Simonson assumes that GM can be approximeted by L. Then 
ray 
M= is (Az29) 


He furthermore assumes that when the bow is not cut awey too much and 
when the trim is small (less than 5°), D can be approximated by L/2. 


By substitution in equation (A238) he gets 


2240 A 12. tan 
ee 7 ten P (430) 


W = 4480 A tan g (A31) 
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Converting the symbols used in this equation to those used generally, 


the equation becomes 


Fro = 480 A tan @ (A32) 
% 

Note, this ecquetion simly states that if the displacement and the trim 
(caused by pushing the bow up on ice) are known, the vertical component of 
the force at the bow can be solved. 

Remember Fag 
positive. Naturally the magnitude downward against the ice is the same. 


is defined as the force egainst the bow. Therefore it is 


In arriving et this equation it should be noted that Simonson made 
the following assumptions: 

1. GM (Longitudinal) = L 

2. D=L/2 

3. M remains constant 

4, Displacement remains constant. 

5.  lLongitudinel metacentric height remains constant. bs 

It is to be emphasized that equation (A32) is intended for steady 
state icebreaking. However, by itself it does not give the maximm force. 

In order to find a maximm it is necessary to determine thrust. The 


method he uses employs the following equation: 


HPxfx 2a ft.lb./min. x 60 min/hr 
?* K x Tt/ar. (A33) 


* These assumptions were not stated. 
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T < scaenas aaa 1b. (A34) 
Other approximations for thrust are as follows: 
¥ = 22.40 x IMP (A35) 


(one ton thrust per 100 IHP) 
or 


T= C n° p* 4° (A36) 


Tne angle ¥ (stem angle) is represented by Figures A-V and A-VI. 

In the case of the curved bow shown in TMigure A-V, the angles are expressed 
by tangents to the stem profile. 

He assumed that friction in the steady state was negligible although 
this is not stated. His solution of the equilibrium was based on forces and 
he assumed that thrust remained norizontal. Since the summation of moments 
was not introduced, it is irrelevant that he did not mention the line of 
action of thrust relative to the point of contact. 


Fron Figure A-VI it can be seen that 


y = (0 - #) (A37) 
and that 
tan @ = = (A38) 


From this point he goes on to substitute equations (A311), (A34) and 


(A38) into equation (A37) to get 


y= tant ( 90727 2 Ps f cot $) (A39) 
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Figure A-v (12) 


Dliustration of Symbols Used by Simonson 
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Figure A-VI (12) 


Bow Equilibrium by Simonson 
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Y then simply indicates the stem angle which should exist if T, R, 
and Ware to be in equilibrium. (R is the force perpendicular to the stem. ) 
He uses this to obtain a bow profile which would represent an equilibrium 
condition regardless of the trim if other factors (i.e. thrust) were held 
constant. 

incidentally, this equation, although it is of no direct significance 
concerning this research, is given as follows in order to demonstrete 


Simonson's goal: 


f 0.436 HP x fxbL 
X= (6L + |: ). 


Po 
veg ( See ee - y*) (Ako) 
where cot p = see and cot @ = £ 


Y = trim in in. 
X= distance in inches from center of flotation to stem on 
waterplane of trim. 
Utilizing his equations it is possible to deduce an equation for maxi- 
mum (limiting) downward force available from a given ship. 
Starting with equation (A338) 


T 
tan O = G W = 





T t. 
Vw “es tan x? (ALL ) 


or. 


Ss 7 | pie Etec geek oie © ce ome lice Gams 


| ce ae eee ee 6) Pe km oe & sw he 
Pine a Aes) Alay feu 81 PG oe? gee) tee ay Of 
S26) niet peed 061) Grom FY) Ae! ore teers 
et 

Dene ees GS 8h it rede Ue ee 
Oe ee ee ey 
rn 





(As) Me SO Hi ou 
== 4 tee ape ~~ ~or 
Ma atv -~t 
a aedy OF cote ty wane wort aelit) o/ oomefedt « TE 
Stee i ev agvetar 
cee net i keees ne eee Bf pOlbeney 5) /) Boo Maipe 62) pated le 
8 [etl AD WAKEKee ao ccm (gach) em 











“19: oe 


305.7 x HP xf 
i - aa an (Ah2 ) 


Converting the symbols used in equations (A41) and (Al2) to those 
used generally, these equations became 
+ 
T 


IB 
E_$_ =< (A43) 
ean (i, + @) 


or 


325.7 (IHP x z. 4 EHP ) 
i ¢ “~~ —_ ee (Al): ) 


BZ V,, tan (1, + 0 

Equations (A43) and (A44) indicate the maximum downward force possible 
under steady state icebreaking conditions. The term in parentheses in the 
numerator of equation (A4+) indicates the horsepower available for breaking 
ice. It is to be recalled thet f. in this equation represents an overail 
efficiency of plant and propeller and varies between 10 and 25 percent. 

In arriving at equations (A43) and (A¥+) it should be noted that 
Simonson made the following cssumptions: 

1. There are no momentum effects. 

&. Friction with these was negligible . 

3. $Thrust was directed horizontally at all tine’ 

4. The center of flotation remained a "pivot point 1” 

ae There is no change in displacement’. 


Since friction was disreearded, the spread angle of the bow was not 


relevant and for that reason does not appear. 





* ‘These assumptions were not stated. 


Mage pe PY! ace! a) wee he ke hte eee 
rm 2 Be oee tp See 
iy - ‘fF 
v 
a = = 
teat a ae a 


Of wun a ew et ee Lee Lee eee ets ee 
Del aend Ee alse dom vemewrane ol¢ eke th 1/44) eo SR 
(lor, ap coiereen cries alt rh ot dae eli et oi ok ot ed 
hice Se Se etka wale an relia be eenin o> eww hate 

ta eo wt RSet fe TAMA) Bae 1000) Wied eet oe gem bee 
hae ae ak ol cmc 

"Sit ape) wyatt 6 

“eit ishign: ta weet (itr mle uk 
ee ee 

~ eee ke” OA Sr eons gre 

ee 

oh a ted fer to aiaoe hee tr beet et oro es eonet 





ee ee a 





-195- 


Furthermore it is interesting to note that Simonson felt “momentum 
should be negiected as it is desirable to break ice without charging or 
ramming". (12) Mis analysis was a basic approximation for the steady state 


condition. 
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Vinogradov's Equation 
In a book published in 1946 2 mathematical analysis of the downward 


force under the bow created during ramming was presented (13). ‘The develop- 
ment was paraphrased ani presented as an appendix to a paper presented by 
Ferris in 199. (14) 

Tie paraphraced version is presented here. 

“The analysis is based on the following concept. An icebreaker moving 
with known velocity strikes a uniform ice shel? and the bow of the ship 
glides up until the downward pressure reaches e magnitude waich causes the 
ice shelf to collapse. While the shin is climbing the ice shelf, the pro- 
pellers continue to push. In general, the forward motion of the ship is not 
reduced to zero at the instant when the ice collapses. 

The quantity which is to be determined is the maximum value of the 
vertical force P developed on the stem of the iceébreaker. The maximm is 
reached at the instant when collapse of the ice snelf impends; therefore, the 
dynamic study will cover events occurring wo to this time. 

The principle of conservation of energy 1s applied. Energy expended 
is a portion of the ship's kinetic energy plus the propeller thrust acting 
through the distance travelled. ‘The energy expended is diverted into three 
channels; (a) Energy dissipated by impact of the bow of the ship on the 
idee shelf; (b) potential energy of the ship due to its being raised and 
changed in trim; (c) frictionsl loss caused by running of ship aginst the 


ice shelf 
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Figure A-VII (14) 


Jilustration of Terms Used in Analysis by Vinogradov 
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Length between perpendiculars 

Beam 

Displacement 

Distance from stem to center of flotation 
Draft 

Maximum change in draft 


Maximm change in trim 


Angle of Stem to horizontal 

Waterplane area coefficient 

Klock coefficient 

Maximum value of the vertical reaction 


Area of waterplane 
v= Density of sea water 
m = Longitudinal metacentric height 
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(EB, - 8) +E, = 8, +B, +8 (A45 ) 
where 
Ey = kinetic energy of ship when the ice is first touched 
my = kinetic energy of ship when ice collapses 
E, = energy derived from propeller thrust 
E = energy dissipated by impact 
Ey = potential energy acquired by ship 


a = energy lost by friction 


"Let W represent the weight or displecement of the ship, Vo the velocity 
when the ice is first touched, and V5 the velocity at the instant when the 
ice collapses. The initial kinetic energy is then Ey = (W/ 2g vs. The 
remaining kinetic energy at the instant of collapse is EB, «= (W/2g)v; , 


Kinetic energy sbsorbed during the operation is 
B,- E, = - (P+ a, *) (AK6) 

"The next item considered is the energy delivered by the propellers 
to the ship while the latter is sliding up on the ice shelf. During this 
interval there is a reduction in mean draft designated by AD, , and the ship 
assumes an angle of trim of d@, - Distance from the point of contact on the 
stem to the center of flotetion is designated by q. The stem of the ship is 
Sloped at angle $ from horizontal. Then from the instant of first contact 
until the time when the ice collapses, the linear advance of the ship is 


AD, cot “yy + qhe, cot 
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Let T represent the average value of propeller tnrust during this advance, 
then 


EB, = T(AD, + qe, ) cot “p (AK7) 


% 


"It is desired that this formula be expressed in different terms so as 


to include Pi 


Assuming that P) is small in comparison with the displacement W, and that the 


change in draft and trim do not seriously change the properties of the 


,» the maximum value of the vertical force developed at the sten. 


waterplane, AD, = if S, S being the waterplane area and the density of 


sea water. The angle of trim A@,, depends on the applied moment Pp, 


the longitudinal metacentric height, m; thus A0, = P| of Wm. The energy under 


q, and 


consideration can then be expressed as 
B,=T PL + “2a” loos ¢ (AMS ) 

"Waterplane area equals the product of length, beam and waterplane area 
eoefficient, or S = LBY. Weight of ship equals the product of length, beam, 
draft, block coefficient and density of sea water, or W= LBDS . New non- 
dimensional coefficients ky and. ke are arbitrarily set up by relationships 
q = k,(L/2) and m= (k,"o°L")/(Do), 1t being assumed that the longitudinal 
metacentric height is essentially equal to the height between center of 
buoyancy and longitudinal metacenter. Substituting these new quantities 
in the last equation, there results 

E,= : E 4 ae te | ad cot 


or, for abbreviation 
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-, ” 
E, = Aj T cot Y (Ak) 


"According to the theory of impact, when two bodies collide normally 
there is always“e dissipation of energy, whose magnitude depends on rela- 
tive velocity and a physical constant e known as the coefficient of resti- 
tution. Now the stem of the ship does not collide normally with the edge 


of the ice owing to the fact that the stem is sloped at an angle from the 


horizontal. The component of initial velocity Yo which is directed normal 
to the edge of the ice is Yo sin ¢/ and the energy dissipated by impact is 
W me \e 4 
=o cae’ {if an 
E, on (vp sin ¢ )"(1 - e°) (A50) 


"The vertical force P is a variable which keeps increasing as the ship 
Slides up on the ice. The total rise of the point on the stem at which P is 
first applied equals to reduction in draft aD, plus the angle of trim, in 


radians, times the horizontal arm between center of flotation and stem AQ, q. 


1 
The potential energy set um by the force P is therefore 
AD) rant 
Ey = [ PAAD + | Pqdhe (451) 
4 , 


"Energy is dissipated by sliding friction between the shell plating and 
the ice. The coefficient of sliding friction is f and it must be applied 
to thet component of the pressure which is normal to the plating. The re- 
sultant frictional force, designated by F, acts in a direction perallel to 
the stem of the ship and is a variable; half of it acts on one side of the 


stem and half on the other”. 


jr, ma 4 + 4 
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"Te energy dissipated by frictional force F acting through a distance 


which is determined by the changes in draft and trim is given by 
AQ 
(A52) 


a ree 
E « > aaa FdAD + T J FqdAe 
0 


0 
“Consider on inclined plane intersecting the bow of the ship in a 


direction normal to the stem; this section of the bow will appear as a wedge 


with essentielly flat sides and the normal pressure on these sides mekes an 


engle B with the centerline plane. ' 
"As the bow rides up on the ice shelf it forms a wedgelike groove, with 
pressure developed normal to the faces of the groove and friction along the 


faces of the groove directed parallel to the sloping stem". 
On each side, 


"Let R be the resultant force acting normal to the stem. 
then, the force ecting normal to the plating is 
(R/2)(1/eos B) 


so the resultant frictional force is given by 
1 


F = fR (ss (A53) 
“The magnitude of force R is related to other forces acting on the 
(A54) 


ship as follows: 
R = P cos e + T sin Y 


Equation (8) is thus rewritten as 
(A55 ) 


b cos sin (/ 
per |p 22. * T cos B | 
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"Substituting in equation (A52), there results 
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Equations (A51) and (456) are combined, as follows: 
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For P the quantity SAD can be substituted and for Pq the quantity 


Wnse. " 
"Rewriting (A57) gives 
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integrating 
4 
A 
B, +E, = (2 + PES ) s (— ) 
2 
+f a cos B (AD, ) +@ies cos aE) Vn (—~) +f oes x (Ae, ) 
(A59) 
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Z Fig 
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"Using the previously established values, S = LBQ, q = k, (L/ 2), 
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Ey, + S. 


= GQ + ¢ See ag if PY +£ TP, =| (AGL ) 
~ COs 2 cos B 


"Supstd tuting all the values of component energies in equation (A45) 


there finally results 
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X= coe cot Y (A63) 
L + ay a e 
cs == » (A64) 
I ma cot 
The quantity to be calculated is the downward icebreaking force Py: Solving 
the quadratic equation (A62) gives 
Pex t <x? . Ly 
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The positive sign in front of the radical must be used in order for the value 
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It is important to note the assumptions and expedients used by Vino- 


gradov in his development. 


1. 


Trim was taken into account for the solution of movement but it 
Was di sveparéed in his solution for the resultant perpendicular 

to the stem R based on thrust T and the downward component P,: 

See equation (A544). 

Thrust T was directed horizontally at all times. 

Thrust T was kept as a constant instead of attempting to elaborate 
and make it a function of other parameters such as i hp, pro- 
peller area, velocity, and so forth. 

The friction loss is not correct in that the normal force on the 
bow plating would be valid only for static equilibrium. 

There is no mention of the possibility that some of the kinetic 
energy while sliding up may be in the form of rotation. 

It was assumed that the change in trim and draft did not seriously 
affect properties of the waterplane or the longitudinal meta- 
centric height. 

The change of trim is based on the original displacement using 

the equation for a couple when actually the displacement is 
effectively changed. 

q is used exclusively as a constant representing the distance 

from the center of flotation to the forward perpendicular whicn 

is the original point of contact. For the determination of certain 
distances this is proper but it is an assumption when dealing with 


moment arms since the point of contact moves. 
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9. Tie expression for loss of energy on impact is based on direct 
centrel impact. In other words it is assumed that the loss is 
the same as if a perpendiculer to the stem passed through the 
center of gravity. 

10. The normal assumption was utilized that GM (longitudinal) = 
mM (longitudinal ). 

ll. The final equation is written including Vv, a8 the velocity during 
the sliding. However, in effect the equation is valid only when 


v, = O since there is not a continuous spectmm of velocity from 


1 
Yo to Vy: 

12. <A necessary step in his development was the use of static 
equilibrium, F, = 0. See equation (A54). Acceleration at 
that point in contact with the ice in the direction of the force 
may be zero but not the acceleration of the body. 

In summary, Vinogradov's equation states that the downward canponent 
of force, Py 
f, coefficient of sliding friction 


» 1s e function of the following: 


Y, angle of stem, deg. 

B, angle of normal to shell plating with respect to — plane, deg. 
6 block coefficient 

@, waterplane coefficient 

a, 1/2 plus the distance aft from {f to the center of flotation, ft. 
L, length between perpendiculars, ft. 
D, draft, ft. 
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longitudinal metacentric height, ft. 

thrust, tons 

displacement, tons 

coefficient of restitution 

gabe jiat prior to impact, ft/ sec 

speed while sliding up, ft/sec (normally taken as zero to get 
macci mum P,)- 
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Jansson's Equation 


In 1956 Jansson presented an equation for the determination of work 
utilized in the ramming of ice (15). It does not indicate the downward 
force on the ice but is included here because of it's comprehensive approach. 

Jansson used the following symbols for his development. 

P = Vertical force between vessel and edge of ice. 

T= Thrust of propeller, a function of speed. 

X= Trim in deg. (change of trim). 

Ws= Weight of vessel. 

v= Speed of vessel. 

M= Mass of vessel plus virtual mass of water. 

= Moment of inertia of mass of vessel plus virtual added mass 

of water, referred to a horizontal axis through the center. 
of gravity and at right angles to the lateral plane. 

S = Length coordinate in meters. 

Y = Vertical coordinate in meters. 

w= Angular velocity about a horizontal axis at right angles 
to the lateral plane. 

p= Number of tons load for 1 meter immersion. 

q = Trim moment in ton-meters for 1 radian trim. 

£= Distance from center of gravity of waterline areas to 
foremost point in the water line in meters. 

As can be seen from FigureA-VIII , the following equation can be 
determined statically: 
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Figure A-VIII (15) 


An Icebreaker with Stem in Contact with Edge of Ice 
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P=apy . (A66) 
where y is the change in mean draft in meters. 
P-f=q°x (AG7 ) 
where x is ‘in radians. 
It is assumed that trim is small enough to assume p, /, and gq may be 
taken as constant. 


Equations (A66) and (A67) may be combined to get 


- ot 
y =, (A68 ) 


Writing down the energy equation for condition 1 (immediately before 
raumming) and condition 2 (as the bow slides up the ice) the following 


equation is obtained. 
S 


=o (ve - ve) + | Tds = 
* 
Vo “ 
[ere ’ | qx ac +k a (ue - 2) (a69) 
¥y 


In his development he deliberately neglected the friction between the 
ice and the forward end of the vessel. Furthermore, without mentioning it, 
he has assumed that no energy is lost on impact. 

When the maximum vertical force is reached the angle of trim, X, has 
reached its maximum value and the speed, v, is zero. Thus the angular 


velocity, w, is zero. For initial conditions he uses y, = 0, x, = O, and 
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and w, = 0. Equation (A69) reduces to 


S 2 2 
Lx 8 - DYn We 
ao Mv, t+ | T ds = = a (A70) 
7 


Equation (A68) can be substituted into equation (A70) to obtain the 
following expression for maximum icebreaking work: 

ah Se . 

tu’ + T ds = . (——«f.) (ATL) 

a ill 2p 1° 


Sy 


It is noted that the term in parentheses is constant for a given ship. 

Although Jansson does not go further it would be possible to solve 
this equation for trim, X, if T(s) were known as well as S, and S,. 
Substitution of X, back into equation (A67) woulda then yield the maximm 
downward force. 


It is important to reiterate that the result would have neglected 


friction and impact losses. 


==") andy te eke ow » Or 


iret > <a | HG 


s 
j 









me obewe. 8 (4) aocmege omit bereits es OWA) ude ia 
DAD pear ins | cnn AF adept phy Lick 


| | 
tem Soe pa es * ike 
| 


— - y 





gla wont) a ext veswpns ol doniiinnn 64 Ss Bor Atte foray 9T 
erios cx einitvour ed Aisas Jf -axtet op iow Henk nent 
Fe Bee ew ae cee are (9) A te oy) recaps abt 

sentir lf fbi cw Dalles (2A) gertinenpe am) Snot A ko anna 
earey Puarerwh 

ete sd wret few eLnent Ge cer eummeion GH neercoges wl FT 
ewe L ome Mae oo bretrt 





a o-= = _ 
ae >> <Sseam - 
= - — 
; > — — ig r>nti_<<<_ «& «& 
—— «8 —_— « —- = a «= 





Richardson's Equetion 


In 1959 Richardson presented an equation for the downward force under 


the bow created during ramming. (75) ‘The development is the most complete 


to this date (1964) and is part of a model study of the force systen. 


The complete developnent will not be reproduced here. The steps are 


basically the same as those of Vinogradov. It is based on the conserva- 


tion of ener;7y and is shown as follows: 


- 


Dy 


fp * by 76 Ses yh * (A72) 
the kinetic energy at the instant of initial contact with the 
ice shelf. 

the kinetic energy remaining after the ice splits. 


the energy furnished by the propellers from the instant of contact 
up to the moment the ice splits or breaks, or as the case may 
be, the forward motion closes. 


the energy lost at the impact of stem with the ice shelf. 
the energy spent to raise and trim the icebreaker. 
the energy spent in friction between the hull and the ice. 


the energy spent in overcoming the friction and wave resistance 
from the instant of contact up to the moment the ice splits or 
breaks M motion ceases. 


the energy lost in elastic vibrations. (This loss is neglected. ) 
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The use of this approach is quite appropriate. 
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It agrees with 


Vinogradov except that Richardson has wisely included a term for non-ice 


friction and wave meking resistence. 


account. 


He also takes virtual mass into 


& 


The equation for downward force is as follows: 


where 





af [2+ 4,)-C-eF ain’ | ves ~ 
ait : 


— (A73) 
TF ctanr — nt 
P eos 8 P 
cot Of (A74) 
e cot © 
i + cos 8 
e cotol 
+e 2 (A75) 
arithmetic mean for ship resistance canputed for vj\> and Vo- 
propeller thrust 
(+45 (A76) 
Pp qe 


added virtual mass (percent) 
horizontel component of force produced by the icebreaker. 


coefficient of friction between the hull and the ice. 
displacement 

length at load waterline 

distance from center of rotation of the waterplane from the 
point of contact on the ice. 


angle of the stem measured from the load waterline. 
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angle of trim 
V+ Y/. (Since ‘/ 48 of the order of 1 to 2 degrees,;X = 
will be used in most trigonometric quantities, i.e. sin-<*sin Y 


velocity of the icebreaker at instant of impact with the ice. 


velocity at the close of the cycle, i.e. et the instant the ice 
breaks or zero if the icebreaker comes to a dead stop before the 
ice breaks. 

tons per inch immersion at the load waterline. 


moment in foot tons per inch trin. 


The following assumptions or expedients were used by Richardson: 


lL. 


In éffect, all steps lead to the final condition of Vo = 0. 

The equation is not valid where acceleration may exist. 

It was assumed that the change in trim and draft did not 
seriously effect properties of the waterplane or moment to change 
trim one inch. 

The distance from the center of rotation to the point of ice 
contact is assumed constant. 

The “center of rotation" as he uses it is the center of flo- 
tation. In absolute terms this is not actually the case since 
there is also a change in draft (and effective displacenent ). 
Although equations include trim angle in the first part of the 
development it is effectively dropped when he equates angle of 
trim plus angle of stem to angle of stem. It is granted that 
when the cosine is used there would be little difference but this 


is not necessarily the case for sine and tangent. 


*-~jemret sae | tate Fw er o° = 
, ape et nel oReeeren Ss ee et few ee Len 
my afi ai dee! % fermi, Se see Be antoeip = « ral 


ate whew 6 ml ete oe tS eo eee Oo 
SE ehOlm! pide biel « oy Gen holders ety EL come core 
ee al 

iver too! GAP CA a0) tae Ade! ay poet «© Cg 

ar ot) Ps a! Olu Gee - CF 

AOE © Oars wer Lim theqes ve Ere Met ® Dito oe aif 

ee ee 
hon Teer cotter ionee weet Dili Jue et wafers wer 

dom 0 Chet fer ger ot eee oc eek eee eee re 
ples me tgey mm migrate am We itn fatto theorem 
nt eon ehcr 

+2) & Niieg WT Oe achte & te at el woweem ok 
fae so0S bemby oS tee, 

oem) So emrer ait tt! ey et ee eee eee a 
i a te 
Lemar igi CST Gare) Maer 9d mY eRe Ad mets 

a lo Mag 8D i) ci ee es Ole ee Que 
10 ARF tine wk Ome bp) te Cte #4 9 > am Lorn 
ee ee es te 
REE teed eee EMAL eel | lemme cement See ei EE wot Ames 
ies heme atte te) ee ne cl Ptemeeee Sue a) 





= 


10. 


Lé. 


-215~+ 


In the end conditions he uses rotational velocity (w) equal to 
zero but this would only be true when all kinetic energy is 
lost or converted. 

Although he recognizes that thrust may not always be horizontal 
only the work developed horizontally by this force is incorporated. 
Tre change in the vertical position of the center of gravity is 
assumed to be the same as the average change in draft. 

The angle of trim throughout the trensition is based on static 
equilibriun. 

The expression for loss of energy on impact is based on direct 
central impact. In other words it is assumed that the loss is 
the same as if a perpendicular to the stem passed through the 
eenter of gravity. 

The determination of the downward force throughout the transition 
is based on static equilibrim. 

The horizontel component of force against the ice must be known 
to use the equation. As used this is not the same as thrust and 


it is not clear where this value comes fran. 
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General Dynamics Equation 
As part of a report released in 1959 concerning the feasibility of a 


nuclear icebreaker, an equation was developed representing the relative 
magnitude of the force "transmitted to the ice" at the bow. (17) However, 
this equation does not give the direction of this force and only a component 
of it is downward. 
The following symbols were used in the development: 
T = Thrust at zero speed in lb. 
d = Mass density, 1b wee” sex" 
oC Angle at the bow in the vertical plane, deg. 
2B = Angle at the bow in the horizontal plane in deg. (Note that 
this is not the same as 26). 
A= Yessel displecement in tons. 
P = Shaft horsepower. 
A = Propeller disc area, f°. 
¢@ = Change of trim in deg. 
W = Weight supported by ‘ce. 


R 


ti 


Force perpendicular to the sten. 


The forces acting include thrust at zero speed 


e . ies 
T = La 2 P* Al (A77) 
(In this form the units are not compatible and this is not explained. ) 


and that portion of the weight supported by the ice 


(This equation is from Simonson (12). 
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Figure A-IX (17) 
Geometry at an Icebreaker Bow 
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Figure A-X 


Forces Acting on Ice from Bow 
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In substance Figures A-IX and A-X appear in the reference (17). 
However, they heve been illustrated here with a fair amount of clarifica- 
tion and simplification. 

It is interesting to note that this is the only development to date 
(1964) which assumes that thrust remains parallel to the normal waterline 
(base line) at all times. 

Neglecting friction the force, R, perpendicular to the stem can be 
deduced from Figure A-x, 

Re T sinc +Weos (A + J) (A79) 

Using the analogy of a wedge being forced into the ice by force, R, 
(neglecting friction), an equation can be developed using the term (20) 
as the "wedge angle". Figure 21B in the reference is a three dimensional 
representation which is quite confusing and for that reason is not shown 
here. However, the definition of the "wedge angle" is needed. Although it 
is not explained, it is apparent from its use that it is the ‘spread angle 
seen as one looks down the stem. See Figure A-XI. 

The force transmitted to the ice is perpendicular to each side of the 


bow and is called R, » where 





—_ 
V .e 2 
Sin @% + tan B 


Pig wea)’ Yom feed’)| | oll 
R, = (‘/g eP*A) sin @ + 2A tan 7 cos (a+d ) ee (A80) 


The reference carries a graph of this force, R,, versus bow angle, @. 


Figure A-XII is not a reproduction of this graph but does illustrate its 


appearance. 
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Figure A-XI 
Illustration of "Wedge Angle" 





"Wedge Angle’ = 2 0 
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% 
Figure A-XII 
Illustration of a Plot entitled 
“Variation of Force Exerted on 
the Ice as a Function of Bow Design” 
= 5° 
1.4 A = constant | 
P = constant ee J 
A= constant Oo! 
B, B jena 
pct ach a aul 





Angle @ in deg. 
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A reader must be extremely careful not to jump to any conclusions. 
Tae graph is simply a plot of the results of equation (A80) where trim 
angle-- , Gisplacement 4, power P, and dise are A are held constant. It 
simply illustrates that if the bow is made sharper and all other pera- 
meters are held constant the force normal to the hull plating will in- 
crease. As a matter of interest and fact, the downwerd force, W, is 
constent throughout under the conditions used since A and y are held 


constant! 
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Milano's Equation 
In 1962 an equation was published giving the vertical bow reaction 


force which an icebreaker can develop climbing onto the ice (18). 
The followifig symbols appear in the equation: 
F = Downward vertical force. 


4 9 = Coefficient of friction (dynamic) between steel and ice. 


=z Angular rise of the forefoot. 
B= Angle between the centerline plane and the normal to the shell 
at the bow. 

X and Z are each a direct fimection of » a, and B. 
tS = Bollard pull, thrust 

W= Vessel displacement 

v2 Velocity prior to contact with ice. 

H= Draft 


As presented the equation is as follows: 
1 syn 2 
o ae va 
F-OM x7 +\ 0.82 x° 9° + os 2 (A821 ) 


This equation originates from Vinogradov (13) but it has been 


abbreviated by selection of constants and coefficients. For example 


Tymnocrapoy = 0-7 4, 
The equation is based on the same assumptions Vinogradov made and 


has the same limitations. 


wt 


eligi! leek 
exietes) ev filet of ate Sen = SS & Pe 8 
(hp sk wal oper pameele encanta eee! ae So apa 
cup & 6h ee celle biPtiLite oP 
—iy St hee FT 
wt ome teed! reese) in| neat & Geet “ah ; 


Jute a TG A wile  — 
Sims mee od wre el Neue see TSG pret a Qek 9 3 
orn oi! 38 
fia 7 « Kh mtees wD « oes oe ) ove £ 
wor lug moti « F 
spenalri tne —9 
oot oF conereo Ww refer glume — 9 
fat -s 
apna "a 





eee ow wm 


4. oye he \ Sr most 


we ewe fl dee (C0) bagel aoc weterig ee mm teeope ane 
viewers Atako ye ae wrens We ansassiog yo bean iverrsde: 


FR - yew ® 
tee aime echerpenl sevcpeess wine Sul) ap doe) ti av tinepe oS 
encesae Deh eae oath tee 








~2e3- 


B. DETAILS OF PROCEDURE 
General 

When an icebreaker encounters virtually unyielding ice (rams) it 
erushes the ice lScally to accomodate the bow, the bow then slides up on 
the ice with decreasing velocity, and then the icebreaker undergoes minor 
settlingafter the velocity of the bow relative to the ice has come to zero. 
At this last point the ship tends to slide back but is frequently held by 
static friction and/or forward thrust. 

The following definitions will be of use for the purpose of con- 
structing a mathematical model: 
State 1. lLmmediately prior to contact with the ice. 

t=0 


x = O 220 @=0 


1 
x= 0 z=0 Oo=- 0 


Foz, = ° F., = O 


Crushing Phase. Ice is being crushed locally to accomodate the bow. (The 
ice is not collapsing. ) 
During the crushing phase five equations may be expressed. 
Vertical force at bow. (function of penetration) 
Horizontal force at bow. (function of penetration) 
Summation of Horizontal Forces 
Summation of Vertical Forces 


Summation of Moments 
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There are five time-dependent unknowns, 


x, 2, 8, Vertical force at bow (Fao): end Horizontal force 


at bow (Foon): 


State 2. Local crushing has ceased and sliding without crushing commences. 
This is reached when the velocity of a point on the bow has a 
direction which is the same as the slope of the bow plus the trim. 
In other words, there is no component of bow velocity perpendicular 
to the stem. 
t=t, (for crushing) t = 0 (for sliding) 

xX = X, Z= Bo O = °. 
X= Xo Z= Zo 0 = e, 
X= Xp Z= 2, 9= %, 
Foz = Faze Fax = Faxe 
Sliding Phase. The bow slides up on the ice without further penetration. 


During the sliding phase four equations may be expressed. 
Equation of geometry since point of contact is fixed relative 
to the ice. 

Summation of Horizontal Forces. 

Summation of Vertical Forces. 


Summation of Moments 


There are four time-dependent unknowns, x, z, 9, and the force at the 


bow (which can be divided into two components ). 
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State 3. The velocity of the bow relative to the ice has come to zero. 
(Velocities (x, z, 9) may be negligible but they are not 


necessarily zero. ) 


Se 

xX = a Z = me GO = ©, 

x = x, z= z. 9 « @, 

x= x, z= zy @ = e. 
Fon = Faz3 Px * Fax 


State 4. The icebreaker is in static equilibrium. All velocities have 


become zero. 


xX = ™ (x), = x3) Z= 2), Q = 9), 

x= 0 z= 0 620 

x=0 2=0 so 
Fey, = Fagy 


Faz is the relatively sustained downward force under the bow we are seeking. 
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Bow Forces During Crushing 


Assume all forces from the ice act on the bow at point A, the point 
of contact at the waterline. 

be Z retrdeaiitt the force normal to the plating on each side, then 
the friction force can be represented by 


- = f - where f, = coeff. of kinetic (Bl) 
friction 
Note that the friction forces during crushing are parallel to the 
stem and perpendicular to the stem (each in the plane of the plating). 
This is because there is a component of velocity relative to the ice in 
each direction (parallel and perpendicular). See Figures B-I and B-IT. 
From Figure Be-II it can be seen that 
P = NH cos B + F sin B (B2) 


where B= angle between normal to plating and 
centerline plane. 
Substitution of (Hl) into (B2) leads to 


P= N (cos 6 + f,, sin B) (B3) 


From (Bl) and (B33) we get 


n= o 
ie 


P 
p* cos B +f, sin B (B+) 


P 


F 
. +. cos B +f, sin B 


k 
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Figure B-I 
Forces Acting on Bow During Crushing 


iS 


ae) 


Figure B-IiI 


Resolution of Friction and Normal Forces 
During Crushing(Looking Down Stem) 








» 


k 
Set Vl “eos B + . sin 6 (5) 
Then F = &P. (B6) 


The upward forces at the bow, designated Fove » can be seen in 


Figures B-III and B-IV. 


Fogo = P cos (1, + @) - F sin (i, + 9) (37) 
Fae = (cos 8 +f, sin B) cos (i, + Q) - Nf, sin (4, + 6) 


The horizontal force to the left, designated Foxe’ can also be seen. 


¥F 


exc 7 P sin (i, + @) + F cos (i, + 9) 


F = NH (cos 6 + f, sin B) sin (1, + @) + Nf, cos (i, +@) (58) 


BXC 
While crushing is taking place, assume that the ice is failing in 

compression over an ares in contact with the bow plating. If the area in 

contact on each side of the bow is A/2 and the failing compressive stress 


of the ice is designated JO , then 


N — A 
27° = (B9) 


As can be seen in Figures B-VI and B-VII, 


A. Al 
2 @ sin B 
~~ f 5 
“32s x - (corr. for z and 0)| tan (i, + @) (B10) 


Assume that area-triangle remains at point A at bow (intersection of 


waterline and stem) and is small enough (or that ice is deep enough) to keep 
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Figure B-III 
Bow Forces During Crushing 
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Figure B-IV 


Bow Forces During Crushing Resolved 
into X and Z Directions 
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Figure B-V 


Coordinate System Defined by Position 
when t = O, Immediately Prior to Contact 
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Figure B-VI 
Local Crushing of Ice 











shape triangular. 

In order to correct for trim, 9, it is necessary to define distance 
fron G to A. Assume, for this purpose, that KG (height of center of 
gravity above kegel) is about the same as H (draft), 


(GA) Horizontal = (2 ~ LCG) 


where L = Length between perpendiculars. 
LCG = Distance from midships to center of gravity, 
In Figure B-VIII it can be seen that 
(3 - Lea) @ - z 
(Corr. for z and 9) = wes i+ (Bil) 
From Figures B-VII and B-VIII, and from equations (BLO and (Bll), it 
ean be seen that 


a 

L 

peas - (Ea |f sae 
B 


2 
ek L i 
tps en ty +9) - ten) 0 + | tan (i, + 6 


(B12) 


=< 


_ 2 
N= 0 Az = oa eo +e) - (K-1cc)e +2 
sin B tan (i, +0) | B 2 


Substitution of equation (B12) into equation (B3) leads to the force 


in the upward direction at the bow during crushing. 
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Figure B-VIT 
Area in Contact During Crushing 





(in plane of plating) 


N\A (i, + @) 
x-(corr. for z ana 1 Ap 
(in £ plane ) 





Looking Down Stem 
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Figure B-VIiII 


Se, 


Movement of AL for Purpose of Area Correction 


AL (old point 
of contact ) 





(4 -Loc)e 
t (3 -LcG) (-z) 
-Z 
a A (present point 
i | of contact ) 
(ate) 
2 A 


(Correction for z and Q) 





J (ecosB + f ,SinB) cos (i, 0) L 7° 
sr P ae Se J 


(ody in (1, + Q) 


: L 
sin B tan (i. + @) x tan (i, +0) - G -L0G)0 +z 
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(a-btec) (a-bte)= a” ty + 6 - AB +O” - be 


tac - be +e 


+, ~2ab + b° - 2be + 2ac + 0° 


c 
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x tan (i, + 4) 
b= (F - Leg) @ 
c= Z@ 


2 
[x tan tg 0) = to) 6 +s] = 


‘“- 
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2 L 
(i, + ©) - 2 (5 - LOG)o x tan (1, + 0) 


x = w0e)Po? 22 &-toedo + 2 ox tan ty +0) + 2 


cg (cos B + £, sin 8) cos (as +) x“tan“ (i, + 9) 
Fezc = sin B tan (i, + 6) 
“290 (cos B + f,, sin B) cos (1, + @) ( - LCG) © x tan (i, + @) 
Sin B tan (Gi, + @) 
L 2 8 
+ a (cos 8 + f£, sin 8) cos (1, + 9) (F- LCG)” 9 


sin Pp tan (i, + Q) 


-2 ¢ (cos B + f, sin B) (i, +9) 2 (2 - LCG)e 
sin 6 tan Ge + @) 


a Vie @& = io (6G mf) e8e & 
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+26 (cos 6 + f,, sin B) cos (i, + @)z x tan (a + @) 


sin B tan ie + @) 


+7 (cos B + f sin B) cos (1, + 9) 2” 


sin, B tan Gy + @) 


‘s.. 3 
-7 f, gin (i, +0) x tan (41, + @) 


sin 6 tan (i, + @) 


= L 
+207 f, sin iit, + @) ¢ LCG)@ x tan (i, + Q) 


sin 6 tan (Gi, ++ 9) 





a L 2.2 
of, sin (1, + @) G LCG)” 9 


sin 6 tan Gi, A. 9) 


A L 
. roa 
+20 f sin (1, +6) 2 G LCG )9 


sin B tan (is + @) 


-20°f, sin (1, +@) 2x tan (i, + 9) 


sin B tan fi, + @) 


4 
-df, sin (i. +9) z 


sin 6 tan Gi, + @) (m3) 


It is necessary to linearize equation (HL3) as mch as possible in 
order to make it useful for inclusion in simultaneous differential equations. 
Throughout this development, since 6 is small (around 5° or less), 

cos 6 = 1.00 


tan @ = 9 rad. sin 90 = 9 rad. 
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Function Substitution limit of @° if Error <1 ofo 
cos 0 1.00 5.7° 
ten @ @ rad. 9.9° 
sin @ ® rad. 14.0° 


% 


Using fundamental trigonometric identities, the following conversions 
may be used. 


cos 9 + cos i. sin 9 


sin (i, + @) = sini 3 


B 


sin (i, +@) = sin i, + @ cos 1, 


cos (1, + @) = cos i, cos @ - sin 1, sin © 


cos (1, + @) = cos i, - 9 sin i, 


sin (1, + @) sini, + @ cos i, 


B cos 4. + 9 cos is © sin is 


In order to check the orders of magnitude of equation (B13), let us 


exemine the following terms: 2 


L x 
(= - Lec) 8 x 
2 2 
(= - Lea) 9 
(5 - Lec) oz 


x Z 


ya 
Z 


it is noted that there is an initial velocity in the x-direction. 


ax 
(se) = 


However, 


ao dz 
(=) =O and (—) = 0 
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Up to the point where the velocity at the bow has a direction defined 
by (i, + @), the following mapmitudes would be typically representative: 
x = 10 ft 
i. , 
(+ ~LCG)0 +(-z) = 0.8 ft 


Assume (2 -LeGjo = O.4 £t 


2%, ag O.4 
2 


Then. s = 1 Tt. 
ie 
Se LOG)O@ x = 4 ft. 
(Z-1ca)*e* = 0.16 tt. 
L 
(S -LeG)e zs = 0.16 ft. 
XZ = h tt. 
2" = 0.26 2 


When it becomes desirable to simplify equation (B13) it is apparent 
that all terms may be dropped except those containing x*. It may further- 
more be assumed that 


pe 
tan (i, +6) = tan is 


during the crushing phase. 
The simplifications mentioned above may be used directly to rewrite 


equation (Bl2) as follows: 
ov x" tan i 
sin B 


N = B 


Equation (Bi3) may now be written in the following form: 
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TJ” tan 15 
Feo = | “sme °° i.,(cos B +f, sin 8) 


~ <7 tan i> 2 
“a6 5 f. sin i x (pl) 


B 
A 


% 


Equation (B3) for the horizontal force at the bow may now be written 


in the following form: 


Oo” tan in 
on *| “Ht sin i, (cos B + f, sin B) 
+ O ten i | 2 


“3a 5 f. cos *B | x (B15 ) 





Free Body Description During Crushing 
Figure B-IX shows the complete free body diagram for an icebreaker 


during the crushing phase. (It is the same for the sliding phase except 
for the tani of the bow forces. ) 

Point A (during crushing) is at the intersection of the waterline and 
is therefore fixed only in the z-direction; it is not fixed in the x- 
direction. 

Since the origin of the coordinate system is at the position ¢ had 
just prior to initial contact (See Migure B-V), the verticel moment ara 
from G to A is 

(GA) =H-KGtz (B16) 
where H is the initial draft and K G is the height of the center of 
gravity above the keel. 

The horizontal moment arn from G to A (G A). is somewhat more complex 
since A is not absolutely fixed in the x-direction. 

As can be seen in Figures B-XI and B-XII, the horizontsl moment arm 


can be expressed as follows: 
he Zz 4 
(GA), = i ~ 08) + Gera | 


Mm; 





“} 


; | (a - xe) + 2 | 9 





1 L Z 
- gesay | E100) + ee ‘ 7 


1 
Linearize (GA)... First, linearize tan (i, + 6) 
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Figure B-IX 
Free Body Diagram During Crushing Phase 





h S increase of draft at LCF 


coefficient of pitch damping 


tl 


coefficient of Leave damping 


i 
T 


Ab = thrust available against ice 


T., = pounds per foot immersion 
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Figure B-X 
Relationship of h to z and @ 


G after parallel sinkage and 
rotation 9 





G after parallel sinkage 


after sinkage 


center of flotation on original ship waterline 


CF 


G = center of gravity 


Step 1. Sink ship h in parallel fashion. 


Step 2. Trim about CF (which does not effect buoyance 
magnitude ). 


Note that LCF and/or LCG are negative if they are aft of amidships. 
Therefore the radius of rotation is (LCG-LCF). 


h - (LCG-LCF)e 


z 


or 


z + (LCG-LCF)9 (B17) 


> 
i 
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Figure B-XI 
Change of (GA). Caused by Change in z 








! 
= i 
Original (GA). “= Gs - LCG) 


Raise ship (-z) 





with ship raised, 


(Ga) = (E- 10g) “S22 _ 
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Figure B-XII 
Change of (GA) Caused by Change of Trim After Change of z. 


(H-KG + z) 





L ee 
|G oes om 


L ea : 
(GA). = é - LCG) ab, | cos @ - (H-KG a z) Sin 9 


tO: 2 
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sin i, + ® cos i. 
an GOD —=*=—0OOO8mmmm———O—O———— ee” 
B cos in -~ 9 sin i, 
Set sini, =¢ . and cos i, = e 
1 
mR e-6e e € 
Then - x 2 = (—i— 
tan i, + & c+Qe c ‘1 +26 
1 e c € e ;c © 2 
sctisor -£[2-@eDetede Pte ae8 | 
The term containing 9° is negligible and therefore 
os CT 7 Tt 1 eet ee 
B B B B 
1 * abe iL ¢) 
tan i, + @ tan i, son ~ 
1 L 
tan Gy > 8) 4 ne 
tan i, 79 tan iy, ten” bs 
1 1 ) ( 
— - m9) 
tan i, +9 tan i, sine i. 


Substitute equetion (BLS) into (B19) and expand the equation. 





= (2-1) += - (H -KG)@-20 
B 





. 2 
tan 1.. sin is 
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Considering the non-linear terms as negligible, 





(& - pee) 
L 2 
(GA) = (} - Leg) - | + tani, 
' FE | : (B20) 


The buoyance force, (A + Th), acts upward through the center of 
buoyance. When @ is positive Bis aft of G by a distance of GM, 9, where 


GM, is the height of the longitudinal metacenter above the center of gravity. 


icebreaking Thrust 
It is assumed that the thrust availeble for icebreaking acts puorellel 


to the base line at a height of (ad) above the keel. ‘Therefore, the lever 
arm for the (Th. cos @) term is (KG - a). See Figure B-IX. 

Thrust just prior to impact is utilized in overcoming "non-ice" 
resistance. At State 0, 


T (1 - +t) = Ry (B21 ) 


where t is the thrust deduction factor. R, is the total “non-ice" 
resistance, and T is the propeller thrust. 
The thrust eveilabie for icebreaking, Trp may be defined as follows: 
Tr, = TCL - t) - Rn (B22) 


It is noted that 


Rp = (C, + cdf /e s y° 


where C.. « Coefficient of residual resistance 


C, = Coefficient of frictional resistance 
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7 
i 


Density of water (constant) 


S Wetted surface area (constant) 


ii 


v= Ship velocity 


At one ae (below 0.5), C.. may be considered constant. (32) 


Gebers indicates 


V 
I, 


a 


a py 8 
Cp = 0.02056 [= 


while Prandtl and Von Karmen indicate 


where L = Length of ship (constant) 
v = Kinematic viscosity (constant) 


It may be seen that 


(Using Gebers' equation). ‘The first term is for residual resistance while 


the second is for frictional resistance. 


Ry = Kv * Bs 


This equation may be written in the following anvroximate forn: 


15/16 


Rp = K, v (B24) 


The total resistence (including ice) which may be opposed is 
T (i - t) 
The thrust deduction factor is virtually independent of v. 


T = Kn eC n° & ‘ 
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where n= propeller revolutions per second 
(K = propeller diameter (constant) 
It will be essumed that n remains constant throughout the crushing 
phase (and the sliding phase). (See Figure B xIII). 
Using the Taylor wake fraction, a relationship between v (approach 


velocity to propeller) and v (ship velocity) may be set up (31). 


v5 = v(1 - w) 

where w= Taylor Wake Fraction 

The wake fraction is virtually independent of ship velocity over 
most of the range. 

As is illustrated in Figure XIV the thrust veries approximately 
linearly with ship velocity. Furthermore, since t is virtually constant, 

T(1L-t)=K,-K v (B25 ) 

It is to be noted that T (1 - t) at a ship velocity equal to zero 
this force is commonly known as "bollard pull”, Trop,’ 
Therefore, in equation (825) 


and equation (B25) becomes 


T (1 - t)= Ty - Kv (B26) 


where v, = velocity of ship in the x-direction at State 1, equation 


(B26) becomes 
| TQ -t)=T.-K y 


and from equation (B21) and equation (B24), 
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Figure B-XTII 


Illustration of Propeller Design Chart (31) 
Showing Variation of aT with J. 


<————__=____ Approximately linear 


0 J 
V 
_o 


where J = nd 


(v,, = approach velocity to 
propeller ) 


Figure B-XIV 
Variation of T with Ship Velocity 


<= Approximately linear 





O Vv 


(n = constant ) 
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Rep = T (1 - t) 
Kve os T.-K 
. “SL pon ~ “5% 
. Spon 7 5% 
3 ¥ ye 
1 


From equation (B22) 


T - K v 


Ph 
IB e 

T - KV. 

pop 7 *5‘1 2 
Trp ~ "pon ~ Ks | + ie z v (327) 


Figure XV shows illustrative plots of equations (B2i) and (B26). 
Figure XVI illustrates equation (B27). 

Note that equation has an unknown constant, K° This can be solved 
for only by knowing the thrust and resistance characteristics for a wide 
range of impact speeds. These could only be known if other variables 
(i.e, fe A, @, 6&8, V » C,, Cy etc.) were known and introduced. 
Furthermore, the equation is non-linear so it could not be used in linear 
differential equations even if K were known. 

In the crushing phase, a good linear approximation could be made by 
determining the slope of the curve at Vy: However, the slope is also a 
function of Ks s0 in spite of the fact this would lead to a linear equation 


it would be unduly complex. 
The next best approximation would be the one illustrated in Figure B-XVI. 
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Figure B-XV 
Thrust and Resistance Forces vs Ship Speed 
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7 

Typ = Tar, (1 - v, (B28 ) 
ax 

wnere Vv = at 


Incidentally; this approximation will be valid during the sliding 
phase as well as the crushing phase. 


It should be reiterated that T.. is the "bollard pull" generated by 


BOL 


using the same rpm that is necessary to maintain vy in open water. 


Newton's Laws of Motion During Crushing 

Newton's Laws of Motion may now be applied for the crushing phase ro- 
tationally about the center of gravity, in the x-direction, and in the z- 
direction. 


In the horizontal direction (see Figure B~-IX) 


G 
ar 
23a 3 
: at 
where m= Mass of ship plus "virtual" mass in the x-direction 


a®s 
2 


cos 90 - F = m 
Tip BXC x at 


Setting cos @ = 1 and substituting equations (B15) and (B28) this 


becomes 
* JF tan i, 
TSOL (1 - v> — “pin 6&8 is (cos B + f.. sin 8) 
+7 tan i - 
B 2 ax 
sin 6 k B at? 
2 T So tan i 
ax BOL dx 

“oe vy r is sin B | (co B + te sin B) sin Lo 
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T 
BOL 
Set a, o 
xl 
g tan i, 
8. a, sin 6 (cos B + f,, sin B)sin i, + f, cos ts 
“ToL 
*, os -" 
x 
a” ax 2 
; ._ & .. _ 
ne + Oy ae » ox + a. 0 (B29) 


Note that equation (B29) is independent of z and @ and can therefore 


be solved as an independent equation. 


ax Pe 
a t.20 0 GO, = ES, = 0 
t 


Note that the solution of equation (B29) is a function of t. As a 
consequence the solutions to equations (Blk) and (15), Frage 8nd Vern 


respectively are fimctions of t. 


F 


poo = P(t) Faye = f(t) (B30) 


It can be seen in Figure B-IX in the downward vertical direction 


(z-direction) that 


dz 
A-k a ~ (A + Th) - T,, sin © - FL. 
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Making appropriate substitutions from equations (B17), (BLY), and 


(p28) this becomes 


aig T 
“k, Se - t ~ FZ (LCG-LCF)e - T @ + ee (Se a) 9 
1 dt vy 


fz f BOL 
oT tani a ten i, 2 
—sins 09s Ly (cos B + f,. sin B) - or. a sin i,| x 
2 
~m, <4 = QO 
at 
a®s | 
7-4 + [- = [3 z 
| | [ra] 88 r 
Trot, ax 
+ ~ T, (ER = CP) ~ Tagg, + aE! ) 


B 2 
- eo i. (cos B + f,, sin B) - f,, sin "| “gap * O (B31) 


It can be seen in Figure B-IX that the summation of moments about the 


eenter of gravity in the counterclockwise (:0) direction may be expressed 


as follows: 
2 
\ eas 
= eo at” 


where k = radius of gyration. 


Prog (GA), + Oo (GA), + Th, cos @ (KG - a) 


- (A + Th)aye - -k, = - mgk® 2 = 0 
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Making appropriate substitutions from equations (B30), (BL4), (B20), 


(B16), and (B28) this becomes 


_—_ : L/2 
Fae (Ss HOH) - Foon xs) + (L/2 - Lec) 1 


tan i, 


-_ ; 
*Faae [att | * + Fixe pe | * Foxe fe | 
TROL | az 
+m. (ee) - wd (KG~-d) | == 


—_ 


-} aH, | 9 - fy a, Oz - oy uenen)|e* 


de 2 a“o 
“*) & == ee ek 


in this equation both terms which include Tp are multiplied by non- 
linear terms. As shown earlier, these particular non-linear terms are 
minute compared to the other terms in the equation and will be cropped. 


The equation may now be written as follows: 


EaP 


. 2a, ~ Frog (H-KG) - Foy “ten i, 
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+ | Fage (2 ~ LCG) + Foxe (H-KG) + Tayo, (KG 4) 


eh (KG-d) a | 0 (B32) 
ax : 
Note that Frog? Paxc’ and at are functions of t based on the solution 


of equation (B29). 
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Solution for x During Crushing 
Many attempts, too mamy and too lengthy to be shown here, have been 


made to solve the non-linear swmation equation (B29). 
However, it would seem that an assumption concerning the second and third 


terms is in order. It is noted that these are 


T ~T 


BOL ax BOL 
mv, dt a_i 


and combined are 


mn ax 
(SE - 1) 
m vy : 


This combined term is very small in the crushing range (See Figure B-XVi). 
In fact, it can readily be seen that the whole term is non-existent at 
initial contact. 


Equation (B29) may now be written as 


2 
= ax 
» FF e# a 
1 ar” 
va 
ax 
 * ae = 8 at 
TT tani 
B 
Set k, -| sin 3 sin i, (cos B + f, sin B) 
aa ones | 
7 £, cos i (B33) 
sin k B 


(See equation (B1))) 
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Then Fry, = kx (33%) 


at 


c = 
2 
m& . 2, (335) 
dt 
Set p = x’ = = in accordance with reference ( 32) 

2 

se .; -+(@.2.2 2 .,R 

ate at ‘at’ ~ at “ax at 7 ? & 


(Note that p = velocity of the center of gravity in the x-direction) 





PB - Be 
V x 
[ >@- #/ a ax 
Vy “0 
; Vv +f 
ES - 215 
~ vy - _ 3 Io 
ve - 
au « dae Pl o 
2 g 3m. 
2 
° oe a 
2 2 3n 
1/2 
3 
p= (v, . =) - = (B36) 
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x i t 
fo a) 2 x = [at 
J 
0 0 
% 
x 
[ ——. | (B37) 
“eo, ' six 


It is apparent that any exact solution to equation (B37) will be quite 


complex, unnecessarily camplex. 


new 2 2 


mn and bevy 





temporarily. 


Then the denominator of equation (B37) may be put into the numerator 


rir 


f(x) = (a x? +) 
This function may be expended into a series using Maclaurin's Theoren (33). 
x ’ x” x? 
£(x) = £(0) + 7*(0) iy x £"(0) oT + £"4(0) sr a ee 
wi 
f(x) = (a x? + b) . 


sa 
£"(x) «= - a x? +b) P (3 a #) 


si =" 
£"(x) = - Ha x +o) ’ (db a x) +2 (ax + b) (3a x°)(3 0 x*) 


- 1/2 
f(0) = bd / (Note: Taylor's Theorem may be used 
with values where zero is not 
£*(0) = 0 used but the result, in effect, 
is approximately the same but 
£"(0) = 0 more cumberson. 
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Equation (B37) now becomes 


io 


= ax a a P 
b oF 
> ©¢ 
=. eo § = 2 
- t x v, +t (338) 


In effect this states that velocity is approximeted as constant. ‘This 


value for x may now be substituted into equations (B35) and (B36) giving the 


following equations: 








2 ~ -! 
2 2 
a : (=L) x = — vt t (B39) 
at x x 
! 
- 1/2 - a/2 

S (ve ; _ x) = (-72 | yw t?) (B00) 
dt : l- 1 3m, 1 

x = v,% 


It is advisable to check the validity of equation (B38) by substituting 
appropriate values into equation (B33) and (B39) and seeing if se drops off 
excessively, too excessively to use equation (B38) for x. 


Assume the following approxtmaze values (11): 


6 2 
, 48 20 - lb sec 
a= 35.0 = 5x10 Pt 
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= 0 ong f 4 -_ 4 = 

4. 30 tan i, 0.6 gin i, Os cos 1, 0.9 

R= ko? sin B= 0.6 cos 8B % 0.8 
& a 2 

“= 0.2 x ‘2 TO. Tt 


-_ | 
k, = Ga set io. (0,8 + 0.12) + wes 


m= (hx 10") (0.46 + 0.18) = (4 x 10") (0.64) 


2.6 x 10" 1»/tt? 


a 2.6210) ~ . 5 492 
5 x 10° 
-2 2323. <Q x 107)Q03)Q) = -33 
ae ae! " Ss ‘ 
(S) = (200 - 33)"/? - (66)? - 8.1 2t/sec 
i] 
x10 


If the velocity decay had been linear this would imply that the dis- 
tance travelled in 1 sec would nave been 


PLAE2) . 9.05 tt/sec 


(9.95)(1) = 9.05 ft 
instead of 10 ft. (Since acceleration is increasingly negative, the velocity 
decay would not have been linear and the distence travelled in 1 sec would 


heve been even closer to the 10 ft we started with. ) 


a thx. 
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Using a series expansion it is possible to expand f(x) of the integral 


of equation (B37) remembering that there exists the condition 
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- 1.068 x 107+ 
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- iz (2) eo = | @o6 fac 


~~ 


tc Le | + 0.0112 - 0.000107 * 0.000026 | 


t= 4:01.90 C = 0.40113096 seconds 


If it had been assumed that 


x t = a 0.40 seconds. 
Vv 10 
il 
Certainly it is satisfactory to use this relationship where the 
assumptions prove themselves correct later. This confirms equation (B38). 


Using only the first and second terms, 
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By using a reversion of the series (34) 
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3/2 
x= pl? ¢ +e + 
3 
~2it, Vv. 
x = v,t aug 8° x = vy (t - 
2k mv 
x 1 


This equation, (Bil), will be used. 


Then 


(B42 ) 


(B42) 


(B43) 


These three equations will be used to express x, x, and x but since the 


last term of equation (B41) is almost always negligible it is dropped in 


calculations of other coordinates. 
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Solution for @ During Crushing 


The equation for the summation of the forces in the z-direction 
during crushing, (B31), may now be rewritten. The term for T,, will be 
dropped for the reasons mentioned earlier. 


Let 


cos i,(cos B +f, sin B) - f,, sin ts | (By) 


oT tan i 
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The equation for the summation of the moments about the center of 


gravity during crushing, (B32), may now be rewritten. The term for Typ 
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will be dropped for reasons mentioned earlier. 
In order to keep the coefficients of the equation constant, the Mrst 


tern ) * 


Py = 


BIC 
tani, ~ Fax | , 





will be dropped. This simplification should be valid since the magnitude 


of the term is negligible when compared to the term 


| Fuze ( LOG) + Fry (1-0) 


whieh will be retained. It is noted that this latter term is in the order 


of 200 times larger than the former. 


L ) 
+ sa 7 - LOG) + Faye (sx) = O 
From equations (B14) and (B39) we find 
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F = ky x (B47) 


BZC 
From equations (B15) and (B33) we find 


Fixe = x (BAS) 
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Substitution of equation (B38) leads to 
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The swamation of moments equation may now be written 


‘© + Bog, 9 + Cog, © = Goa, t (B51) 


Let ¢ = SGM, the constant portion of the factor of @ in equation (351). 


Then this equation becomes 
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& +2¢@ « 2 t 
a & 
The related homogeneous equation is 
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9° +26 +£0=0 





Roots 
4 
DR? Lye 
i ior - is 
& iesaanetal 
c 
a 
Rabe Lue y 
Q9= Ae me a : + Ane 
» 5, 2 
rt rot 
@=Ae + Aje Kote: 


As seen before, tie partial solution 


Assume the partial solution to be 


o,= At +Be +6% +8 


6, = ZAt’ +2Bt +0 


6 = G6At +2B 
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Substitute these values in equation (B52). 


b 2b b 
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Before proceeding with (n° 4 ac), look at solution where b h ac 


or equivalently where 





(for the homogeneous equation) (Both roots contain imaginary terms. ) 
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(General solution to the homogeneous equation) 
3 2 
As before, if @ = At” + Bt" +¢,t + D, 


the general sclution of the complete nonhomogeneous equation becomes 
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following terms are used concerning rotation during the crushing 
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It is to be noted that the homogeneous equation expressed damped 


oscillatory motion, which is what the ship would have if there were no 


moment applied. Therefore, equations (B54) and 


(355), and (259) will be 


used. Furthermore it may be anticipated that the - term should be very 


close to unity at the low values of t we exvect. 
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SOlution for 2 During Crushing 
In equation (B45) the factor of © will be considered negligible; it 
is a small correct¢ive term for the difference of draft between the center 


of gravity and the center of flotation. The equation becomes 


(+ n, ) a + (x) Zt (Tz ss (-k,v7) +” 


2 e = %, Co = Ty dg = (-kovy) 
+ b ; es a 
Zz r na % + ~? % os 2 4° (B60) 
2 2 2 


It is noted that equation (B60) is the same nonhomogeneous equation as 
(253) and further that the motion represented by the homogeneous portion is 
the same type (damped oscillatory) tnat is represented by the solution to 
(33). The initiel conditions are the same. 


We can therefore write the equations of motion using the following terms: 


2 
a,st+m bo=k cy = Tp d. = (-k.v,) (Bél ) 
m= total mass k, = leave damping tp = lb/ft 
coerficient 
immersion 
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The equations for motion during crushing in the vertical direction are 
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Velocity at the Bow 
It can be seen that the velocity at point A on the bow must equal v_, 
the approach velocity, at the time of initial contact. See Figure B-XVII. 
As the eriteri on for the terminetion of the crushing phase, there must 
be no velocity at point A witich is normal to the stem. Therefore the 
velocity of point A must be in the direction as indicated by (1, + @). 
See Figure 5-XVIII. 
Let the direction of the velocity of A at any time be definea by Z , 


es shown in Figure B-XIX. It follows that 


de dz 
a (GA). dt dt 
tan Gi = & (ea) (2) (BES ) 
at z ‘dat 


where = is defined by equation (B55) 


<2 1c defined by equation (B63) 


ax 


ae ts defined by equation (B46) 


and 
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(GA), = H-KG +2 


and from equation (B20) that 


a 


(GA) = (4 - Lee) - | (H-xe) + ( -1cG) | @ 


ten i, 











Std» wale 

i aa onl ow & ° incom fe ete ey @ te ae Ve * 
eS - ae ee! aes! ee |) 6 oO” eee 

ee ee Abe oh = Ee TS elie see me Ft eri be ete oe 
ee fo er We te eee ts 8S oor Oe of 
TE ee ea Sd 
Lats cae? sa 

"TW sitter 3S cd Ge ase BPreln ao 6 Sever or Dei 
ee 


% - 2 im | 
aoe 


LoTR} akeraigee gy Nenteey of = vente 


tyme 





(Ca! ochheney a fut eh at = 
(At) antipe ye earmud at ~ es 


rete it) .oleeme oo Lion @ 
+ = ten) 
aos (OG) delimgs cet fot 


= Baa (iz = <f) + Xap 
a yea) 





* 
—— a 








-219- 


Figure B-XVII 
Point on Bow at First Contact with Ice. State l 





Figure B-XVIII 


Point on Bow at End of Crushing Phase. State 2 
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Figure B-XIxX 


Illustration of Vector Velocity of Point A on Bow 
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Therefore, the equations on page 278 must also be solved on the basis 


of equations (254) and (B62) before they may be substituted into equation 


(B65). If t is kept as the only unknowm, then 


tan X= f(t) 


This may be solved for successive values of t until 


ton Y= tan (i, + 6). 


At this time, to , State 2 is reached and the crushing hes stopped. 


Using tos any crushing equation of motion may then be solved. 


The following values must be known: 


a 


ww 
tg 


Dimensionless coefficient of kinetic friction 


Angle between normal to plating and centerline plane. 


Angle between stem line and base line 


Estimate of compressive failure stress of ice, lbs. per 
square foot. 

Length between perpendiculars, ft. 

Distance from midships to center of gravity, + if forward, 
-~ if aft, ft. 

Draft, ft. 

Height of center of gravity above keel, ft. 


Pounds per foot immersion 
Coefficient of pitch damping, ft-lb-sec 


Coefficient of heave damping, lb-sec/ft 
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2 
m Mass of ship plus virtual mass in x-direction, ae 
Lb-sec* 
n Mass of ship plus virtual mass in z-direction, —— 
% 
k Radians of gyration, ft 
2 
My Mass of ship plus virtual mass during rotation (pitch), at 
LCF Distance from midships to center of flotation (+ if forward, 
-~ if aft), ft. 
vy Velocity of ship immediately prior to initial contact, ft/sec 
cM Longitudinal metacentric height, ft. 
A Displacement in 1b. 
LCG Distance from midships to center of gravity (+ if forward, 


- if aft), ft. 
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Mass and Mass Moment of Inertia 
For the purpose of these calculations it may be assumed that the 
underwater shape of most icebreakers may be approximated as indicated 
in Table 62a on p.* 423 of reference (24). 
The following dimensions from a "Wind Class" Icebreaker will be 
used; 
LEP = L = 250 ' 


H = 25 *9'' 
B= 62'0!'! 
A = 3500 tons 
B . #e. 
7 5.75 0.97 
Fatness Ratio = aor“ b * 7.75 
2 


D "Meximum Diameter" 


Bo. Se 2 4.03 


L 
Body No. D Fatness Ratio CAMK CAMZ CAMe 
1 in 31.91 0.087 0.854 0.598 
5 8 7.98 0.031 0.942 0.835 


where CAMX is the added mass coefficient for unsteady motion along 
the x-axis. 
CAMZ is the added mass coefficient for unsteady motion along 


the z-axis. 
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CAMO is the added moment of inertia coefficient for pitch, 


It is noted that in the reference the value for CAMZ is based on 
lateral translation but since these terms were developed for submerged 
shapes, the ales iy also valid for the z-direction. 

Since none of the bodies in the table seem close enough to our 
typical shape, let us use the development of the prolate ellipsoid in 
Figure 62.B of the reference. This shape is not too far from the under- 
water shape of most icebreakers. 


L 5 
&@= 5 = 12 bes = 3 


a/b = 4.03 


a 
For - © 3.99 k = 0.860 Ke = 0,082 k = 0.608 


Ss ke added mass {or mass moment of inertia 
ani . body mass (or mass moment of inertia) 
Kk, for the z-axis 


Ke for the x-axis 


a 


for pitching 


Therefore, the mass (or mass moment of inertia) for ships of typical 


polar icebreaker form may be approximated as follows: 


m = 1.08 & = 0.0336 A (B66) 
m= 1.86 2 = 0.0578 A (367) 


ik’ = 1.61 k° 2 = 0.050 «A (B68) 
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wnere A is displacement in 1b and g is acceleration, 32.2 ft/sec“. 

These factors correspond to length to beam ratios of 4 to 1 and are 
therefore representative. It is felt that it is not necessary to re- 
calculate them for each proposed icebreaker for that reason plus the 
fact that solutions of the icebreaking equations are comparative and 


not, strictly speaking, absolute. 


Damping, Coefficients 
It is necessary to use a convenient approximation for damping co-~ 


efficients in heave (n,) and pitch (x,). It is to be remembered that 
these equations for icebreaking are to be used comparatively and do not 
warrant the precision and complexity of some methods of determining 
damping coefficients. 
Vosser (25) uses the following dimensionless coefficients for damping: 


Vy, N 
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An average value of yy for relatively low pitching frequency is 
selected from Gertitsma's work published by Vosser (25). 


Oo 





Set hy =z 0.10 
Then 
~ o 28 gg VE 
P ig 
x, =s 0.0176 AL 3/2 lb-ft-sec (B69) 
For heaving 
Oo 
=i | ¢ V lb-sec 
ea “ 
ve 
x, * va —7e 


An average value of “Ag based on Gerritsma's work is selected. (25) 


Then 


4 lb-sec 
a sx 0.529 rie — (B70) 
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Radius of Gyration 


It is necessary to have a suitable value for the mass moment of 
inertia about the center of gravity for a pitching motion (about the 
y-axis). <A convenient way of finding this is to know (or approximate) 
the radius of gyrase, k. 

Vosser (25) indicates that the longitudinal radius of gyration of a 
fully loaded ship varies between 0.22L and 0.27L. (A triangular weight 
distribution would have k = Q204L). 

Since an icebreaker is generally short, broad, and deep, much of its 


weight is toward amidships. For that reason, and as an approximation, set 


k= 0.22 L (B/1) 


Pounds per Foot Immersion 
During initial design stages the area of the water plane may be known 


but the next step of calculating tons per foot immersion may not have been 
carried out. For that reason, Tp: will be expressed in the terms of 


water plane coefficient. 


T, = LB (Water plane coefficient ) 


Tp = 64.2L 0B 1b/ft (B72) 


for sea water. 
Icebreakers constructed prior to 1962 have had various water plane 


coefficients from 0.650 to 0.761 with an average of 0.720. 
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Longitudinal Metacentric Height 
This value may not be known during initial design stages. In that 


case it would be appropriate to use 


GMs GM x L (B73) 


Bow Forces During Crushing 
Reference to equations (B34) and (B14) will lead to values for the 
horizontal component of the bow force and the vertical components of the 


bow force respectively. 


Fixc ms k, x (B39) 
io = Kk, x” (m4) 


where k, and k, reflect the influence of g~ , i, B, and f,: 
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Sliding Phase, General 


The sliding phase commences once local crushing has ceased. In 
other words, ete is no component of velocity at the bow normal to the 
sten. 

It is important to note that point A on the ice, the point of contact 
with the bow, is fixed relative to the coordinate system during the 
sliding phase. 

Unlike the crushing phase, the friction force acts only parallel to 
the stem since that is the only direction of relative motion. See Figure B-XX. 

if B represents the force normal to the plating on each side, then 


2 
the friction force can be represented by 


s N | 
a = fe ey F . = f. N (B74) 
where f. = coefficient of kinetic friction. 


As may be seen in Figure B-xXX1, the force normal to the stem, in the 


centerline plane, may be expressed as 


Po = N cos 6 (B 75) 


where 6 = angle between normal to plating and centerline plane 
As may be seen in Figures B-XXII and B-XXIII the upward force 


under the bow is 


F 
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Figure B-XX 
Forces Acting on Bow During Sliding 
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Figure B-XXI 


Resolution of Friction and Normal Forces 
During Sliding, Looking Down Stem 
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Figure B-XXII 


Bow Forces During Sliding 
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Figure B-XXIII 
Free Body Diagram During Sliding Phase 
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= increase of draft at LCF 


wv 
jit 


. coefficient of pitch damping 


a 
1 


coefficient of Leave damping 
thrust available against ice 


f = pounds per foot immersion 
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end the horizontal force to the left is 


F = P. sin (1, + @) + F, cos (1, + @) 


BXS 


Substitution of equations (B74) and (B75) leads to 


& 
Fas = N cos B cos (i, +@)-N f,, sin (i, + @) 
Fog = ON (cos B cos (i, + @) - f,, sin (1, + @) (B76) 
end 
Pays = WN cos 6 sin (i, + 9) + £, N cos (i,, + 6) 
Favs = 8 [oe B sin (i, +@) + £,, ¢08 (i, + 2] (B77) 


For reasons indicated and justified earlier, we shall use the 


following approximations: 


cos 8 = 1.0 


sin 6 = 0 radians 


ii 


tan © = 9 radians 
Furthermore, the terms may also be rewritten using trigonometric 
substitutions. 


Equation (B76) now becomes 


Fars = co B (cos iy - @ sin is) - f. (sin is + @ cos i.) 


Fags = Nj cos B cos i, - f sin i,) - (cos 6 sin i +f cos 1.) @ 


B k 3B k 


Equation (B77) now becomes 


(B78) 
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Faxs = VW ne B (sin in + @) cos i,) + £. (cos i, - @ 3in »| 


Fexs 7 5 (cos 6 sin i, +f, cos i,) + (cos B cos i, - f, sin i,) © 
Let a, = cos § sini, +f, cos i, (m80) 
and b, = cos 6 cos i, - f, sin i, (381) 
Then Frog = N (b. - ae) (582) 
and Favs = 0 (a, + b,9) (383) 

i. i. Hee 
(b. ° a0) " (a. +,0) 
a + d,9 
Pos * * | b, - 8.6 (B64) 
S : 
Now Fuxs may be expressed in terms of the vertical force, Pogs’ 


equation can be expanded and then the terms containing 9 to a degree 
higher than the first may be dropped. This linearizing is valid since 
@ (in radians) will be relatively small. 


a. a a +b 
F F — + o— (| 9 (B85 
E943) BZS b, db. ad. 


(B79) 


The 


| 
| igh itt = gi tom ye « et ee oe 





'* on” 


(wer) | 4 ate gk = 8 mee Kom (a Pe Piet Ss fon) | ro 


(om! yo wy » i gt sy Somme ow 
| im} yt ale D+ to) = - _) teem 
{3} (e= 4) © - « ‘see 
{eis ) (o0- f? = a" here 


pm e 
va ES | eats 


og feat Corey Meieare obi St ene 2) Kesireey <7 ES jag ve 


meal 6 oD silent va) cit ae Lamar a te mre 
+ Al gedlh Bobaualt ae Ssoegyoch 8 Ga NSS She anes 


















foe yeigrnian pe Ka leant, 
oo aaa sl~- a 








295 - 


Moment Arns 

The free body diagram of the icebreaker during the sliding phase is 
shown in Figure B-xXXIII. 

The distance (GA) ,» the moment arm for the line of action of F,.. 
may be sreeee sr as 


(GA), = H-KG +2 (B86) 
where H is the initial draft and KG is the height of the center of 
gravity above the keel. It must be remembered that the origin of the 
coordinate system is at the position G had inmediately prior to initial 
contact (State (1)). (See Figure B-XXIV).. 


At State(2), at the termination of crushing, the horizontal distance 


to point A is 
" ( - LCG) 
(GA). = F - LOG) -| (H-KeE) + ————— i e, 


nF 
% E 1 | a9 
See equation (B20). 


Recall that, now that point A is fixed, any motion in the x-direction 
(beyond xo) will reduce that value. 


Therefore, 
L (} - Lec) 
(GA) = (| ‘ LCG ) a (H-K¢) + tan i, °, 
1 
* Yen iy Ze ~ & - x») 
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Figure B-XXIV 


Position of State 2, the Termination of the 
Crushing Phase and the Commencement 
“of the Sliding Phase 
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= (2 - Lee) 
Let ky = (= - Lec) - |(H-KG) + —s O, 
- 
tani, **2 (87) 
Ry, _ (GA), * % 
Then (GA). = ky - x (333 ) 


Newton's Laws of Motion During Sliding 
With reference to Figure B-XXTII, Newton's Laws of motion may now be 


applied, for the sliding phase, rotationally abowt the center of gravity, 
in the x-direction, and in the z-direction. 


In the horizontal direction 
2 

DF, = m - Ys 
at 


2 


ax 
T., cos @-FL = m, me (389) 
From equation (B23) 
ax 


at 
Tip * 3), QQ yr) 


From equation (335) 


B a, & +d, 
Paxs ~ "ws 3 *3, ap, 7° 


Equation (389) may now be written as 
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BOL Vv. dt b. B2S  »b ab BZS 
i % S s s Ss 
2 
a 
-m =F =0 (B90 ) 
at 


The summation of forces in the downward vertical direction (2- 


direction), as seen in Figure B-XXIII, may be expressed as 


2 
Dr, 8, S$ 
- a 
az a*. 
- Fags - Typ? - 4 - Th - aE +¢*a, 59 = 0 (BOL ) 


From equation (B17) 
h= 2 + (LCG - LCF)e 


Substitution of this and equation (B28) leads to 


7 
BOL ,ax 
“Figs ~ Tyop(®) + <a (Ge) eo - Ty 2 
F +s 9 + BOL (aX)g oy 
BZS BOL Vv. at £ 
- p (Lee-Ler)e x, 22 - m a°z (B92) 
£ Ky at - 
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Substitution of equation (B92) into equation (B90 leads to 


& 2 
BOL, dx |. 5 8, _BOL (dx: _s 
Tio, ~ Oo) “>. me ~ B, v (ae) 9 +5 Me 2 
S az ae are 
a: b. Bt (LOG-DUF)e +k == at "EC 
en es . 
+, To 9 8s Ge Gk) »° +k Tp 29+, T,(cc-Lcr)e 
2 2 
) ae qaz _ > 
4h a © i a ? an aie (393) 
a ae + we 
where ( ) 
» an 
ae + be a. ¢ 
bie pod EA (BoM) 
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de 


The following products of variable terms appear in equation (393): 


(Jo 9° 
(S)o* 2 @ 
(2) @ 
2 
a“z, 
ee . 


Maclaurin's Theorem may be used to put those terms in linear forn. 
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(Ge) 9 = (Ge) 2 * (Ge), 9 - Ge) % 0, Se. (& 


(Ho- - (= at) 2 + (F a) ° + 90g) 


% 
eo = 0, +20, ® 


(ae) © = - (Ged O9 + Cae) &* + 6, (Se 
--(2 at) % @ - (= at)? 2 +2 (& at) %29 


: + (&%) %,8 + oe (= Ar 


(FE) 0° = - 2 (Be a: a 6,9 08 | a) 


z2O= - 2,9 + 2,90 +0, 2 


a2 g - (GE) ®, * Ge) e+ 0, GE 


a ,£ 2 a 

a d as: 
(FZ )o=- (FH a+ (FS) 0+0,(53) 
dt qt 2 dt™ 2 at 


Equation (B93) may now be written in linear form. 
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a,° 0 
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db, 3 = @) 
+a -~ & T a 
S s BOL s 
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+2 Ty - 2 ts Ge at) 2 *% 5 Tp 2, 
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The summation of moments (counter clockwise) may be taken about the 


center of gravity. ‘See Figure B-XXII. 
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Fys (GA). + Fave (GA), + Th, cos 8 (KG-a) 
ag. . te 
(8) OP — hy ae =. (B96) 
From equation (B92) 
F = -f 9 + Bo (a ae -t 2-T, (LCG-LCF)@ 
pzs ~ ~ “BOL f 
4, Zen az 
dt Z at’ 
From equations (B35) and (394) 
.. a 
xs ~ "ns |b, *% ° 
=~ & “2 
8 S BOL ,;dx S S 
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From Equation (B17) 
h= z+ (LCG-LCF) 9 


From equation (B83) 
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These equations must now be substituted into equation (B96). 
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Q = <@ +290, 9 
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Location Geometry 

During the sliding vhase point A, on the ice, is fixed relative to 
our coordinate system. Since the bow maintains contact with this point 
there must exisé a definite relationship among (@ - 9.) , (2 - Zo), and 
(x - X.). These relationships are illustrated in Figure B-XXV. 

If the ship is rotated (@ - 9.) counterclockwise and raised -(z - 2), 
the ship must be advanced (x - x.) in order to maintain contact. 

It may be seen that 
(GA). (@ - 0,) - (z - z,) 


tan (i, + @) = x ~ x5) - (GA_), (0 - 6, 
(GA). (© - 6) - (2 - z,) 
72s?" hay + tl, @ - 6) 
(GA) _.(@ - 9,) (z - z,) 
(x - x5) “tan Gey trey * + (GA), (0 - ©,) = 0 
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Figure B-XXV 
Tilustration of Position Geometry 
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From equation (B19) 


1 1 Q 
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As was done previously, the non-linear terms must be linearized. 
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Simultaneous Eguations of Sliding 


Grouping the three equations, 


Equation (B%) .~ 
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The three simultaneous equations (B%) (BL00), and (BLO3) may be 


written as follows using LaPlace Transforms. 
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Then the simultaneous equations may be written in their shortened form. 

2 | 2 “7 ig "13 
(a, 6 + 9). Ix] + (2 5° +d, Q8 + e)L Lal (e,,)L. lo] = a,, +4, 58+ 
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=a, +d. 5 + 23 ae) 
— - «= 
(el. ix) + (exp). fe] + — Cegg)L fol = = 


Using determinant form, the simultaneous Leplace equations may be solved 


ror] [xj ,[. fe] . anal. [el . 


+” — 
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| Aue) eo a” 





ie Le _ Nye) AL ihe) + tal Myst 


hereiee ot yumm eeub#MITO cra fatal Ninel liane Url i Sv Ree yet 
(Wi. /sme tie \¢] woe 
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(4, +458 + 5™ 23. ) (a, ,8° + by 98 + Cy9) (c, 3) 


Vin 
(4. *oo8 + 2) (258° + DoS + Coo) (2,,5° + Dy284tp2) 
°33 
(3) (es9) (e053) 


et (a,,8° + b,8) (a, 98° + d,98 +e) (c) 3) 


(b,, 8 + Coa) (a, 38 “2b, s te 


Stt2,) (a,98° Woe 23° *€23) 


i) the (e5,) 
2 3 2 

Ny =A, pF og033% yy bopto98 Mh 1 Coat gg Mh pA n9Caq8° Hy pbanta48 “A, ta0Ca08 

Fa, 8900328 4d, gbo0q 4, Con a9 : #9 28 o9%958 40, 5b 237335 * 1 Pp ailg,8 


12 Bpatn38” Dy gh og%395 1D, pea gta Cy pAg ads 3840, pda alan tty oCo nda, 


L 
5 


‘ L @ 
Fy gag Mga Py ghoatgn Hy sho atgn F ~ Gy MpCq98 A, pPogtanS~d) 1 Coatan 


i 
8 


3 2 
“dy p%a3%gq8" ty pbo3Cg98 dy pCa gt ao8-d, 2850 g9S-A) gBonCqo~d 3Ca gap 


r c “or ages sy 
| « «ee 
dye, 49 “4” i ~* alll ie : oF ah! 
Wy) ‘os ' Mes 
—_— eS << fa (of ‘} 
ne Ta ie, Te Ss 


ie en ee oh 
bapnt fo ‘ ge?) 
eta et rei yi Se WL > ee 


eee Ste gt hE esac tate tae 
5 rete ua eee Pate ete teem 
eres teen ted ete ~ Fee eele hatte as ty 
Fett ete tet ete tte at 











“by 2293033 


2 3 2 
“By pdin1 C398 “By pflogl 338" “Ay o4990398-by od) Ca.6 ~b) o 990358 


l 1 
“Cy 9thgy 33°C) png ts 38 ~Cy odnatag B ~ Cy a oatga5~%) gPondog~C) dona, & 
& 


(3108 ) 


Nye 


Ny ot H, 8° t M, 8° “- N45 i Ho + Nog 

Ny 3 = (4, 2%29¢33 + S282s%33 - 42293039 - % alootas) 

My 97 (1 8p 2ego td, ab ant39 10, pba ads, #by Mp qtaqnd) 1 A893Cz9~d) pba 3Ca5 
“®, ato &33 ~ Py pAa2s3) 

By 1 =(4) 1 99%33 8 oe 29°39 *dy 38990334) 909 383,40; bp gig a tty 282,455) 
*2 39 22°32 711? 23°32 7Or2°2 3°32 Mn 3° 23°32 M1 2°23°33 
“by alg, &g3*Fy aban? 33 -Cy s82p%35) 

My 97 (4,4 ep9e 3 thy gb 29039 %By Cp gga tty Pagdag tty 345) Cap ~dh 1 C930 gp 


mBy 3094030 7Py o493035°C) ailny Cg.q~Cy gh anda) 


Nog (4, 3° p20 33 *y ap aia *t g4oq¢g0~h 2Crs0g9-C) np 209) sCpatla) 


wefe* reds ell * hee 
dott mt eet 8 ee! of” 
sal oihads see A Sem s 
Chul ~ ate” att peal! ~ Ee 
Tete Tat hcl hea oe a a 
Neate eater at atest hee 
ae he ee 


ete a ee 
‘eben er egt rete ac ete create estas ot 
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l 3 2 3 2 
Den. = By 19 59°338 + By 1 Pn0°338 “> By 1 an%398 * By F®o9328 * BL Poa%308 


+ b..€ 


12a “ne 33 * 


. n 3 2 bp, 3 
+ ®, a%23°%5 + A aPo203)8 + *) a%es*a ® + By Mos? ® 4 01 2" 23°15 


e.C_, & 


* By 2%23°s1 
z 
+ Cy 9%p9C31 8 + ©) 993035 + ©1022 3°s) a © gP a7 & 328 + ©) 3°21 32 


4 3 2 3 2 
— My yBogh ag = By Pactan®” ~ Oy %pg@ag® ~ By Ma gtao8” ~ by, 53208 


- B11 °%23%308 


2 ft . : : 
“Ay pn Og38" - By 0S F398) - By aYo)Can8  ~ by pCa €a38 - Cy pba C348 -C) %a) Ca3 
2 
“Cy PontaS - Cy Ponta - C1 3Sy0%q) 
2 


Den = Dp, + D, 59 + D8 + Ds = dD. (B109) 


Dy = (841222033 + 9289303) ~ 91 %23¢30) 
Dy = (8),Po9¢a3 + Pyy8y00gq + By gPoatay + Py Ayg%a) ~ 87% agze ~ Py) 803%30 


~ 8 2P a3) 


wide’? “Scere tele hate? yet = 





* 7 ’ 

' _ ;% . »s “n 7 
s. @ "% 3° a | %, 
‘nese? * 


erowe Seat ter ~ Ayelet Vee 
Peary hl + mare eet - tga - Aelita 


Wet 
ure pete > aitat > Cylarst! gree) “tot 
can = atte * ah 
\ecan) at an "4p- Oo a~‘ep -_— 


bectet” utah tele A 
Se ee 


“aw. _™, 





= 





Dy = (854 op9%33 + dy yPants, + Ayeazta) + Dy abozCay + Cy Q%o3Ca) ~ 944 Cp2%30 


a,c. } 


- b_..b,.¢ ~ By aPo1 33 ~ °3%22%3) 


11°23°32 ~ “2°81 °33 ~ “12"20 


s 


D, = (b)4ep902 + Dy otaala + My gbonCa, + Cy sPajlaq ~ B14 C932 


= Cy PayCaq - Cy gbaatay) 


- 6, 40. 2€ 


6) "so ~ “yan “ea ~ “1 3°He x) 


Cc 


Dy = (ey 5¢a2%a) * & 3%) 


3 c 
[ fd > a i, 38 +o 8 +H 8 +B th 
Den 2 


L 
Ss 
K s’ +t s° +H,,8° +i 8 + N 


2 
+ Ds + D,s + Dy 


- b 


12°21°s3 


(B110) 


aewwim” 2s * a oF Lea" eee? * pA~mrerrt © yf 


‘vu 7 ew? ee” at bl ul 


ees eu’ eat f° wale eres wet P 





es Ve | 
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Selution of the LaPlace Transforms 





- Pe aa ay, Dy, *, Dy, 
D D D 
a ee ee ) 
ly i D, D,, D,, (B11 
u N. N } 1 
Let oy = 23 a xe ic a = wes = Mo z 


D D D D 
b, = ot ba = ae by = oe == u <6 
% 3 ie » | 
Then, 
& a eo a 4a 5 + 8 +a 
7 k 3 2 ~ 0 
y kk - x Xx x x x 
lL. 5 3 2 
8 + bys: +, + d,s + b,s + by 





[oe peat 
‘ 1 2 3 y 5 (Bi2.4) 


(apmn? 
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Biquadratic Solution 


Transforn 
ae d,s? + b,8° +b,8 +b, 
to ji(s + B, )* “ | ¢ ‘ B,)° + As | (B115 ) 





“ope 


or (s + a,)° * 83 Ks +a )* + a 


2 2) 


(s +B)? +a =8°+2Bs + (A, +B 


(B116) 


s* + (b, - 2B, )s + |b, - (Ao + BY’) - 2 B,(b, - 2B,)| 
s*+2Rs + (At + B°) ¢ +b, 8° +b, 3° + ds + by 


ro 2, 2 


s' +23, 8° + (A? + 2) 5 
(b, - 2 B,)s° + 28, (b, - 2B, )s” + (m, - 2B, (AY + BY) 5 
5 A «ama Phy Oy aA +m 
[bg-(ap a 2, (25, [28] y-C af)-2 28 | . 
1: er + [ps = =] [ak + a 


(AD + BQ) = by - (Af + BY) - 2 BL (o,-2B,) 





ty = \/oy- OF +a) 2, Oa) - 8 (2117) 
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- a Lie “ee | bee’ 


rio be a 4 6 atl! ans 
(ches) ie a Cad “qs a} 


sy : “ta ‘ a ir Le oll “ww 


(ALD > oe ek oe ‘es hae w 





since [peg goer) 
Pes Bh.) 





(25 -yO~ es 
(peeps Gee Bi > he 


RET Me Sere eres pa ca anne Sw 


(cam) Heme jo gee fee Bye ale 
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The remainder must equal sero. 
Therefore, 
[P. - (by, -2B, MAY + 2) | “Ps (ay + BY) 28, 2m) | —_ 


-Bt 


B, # 0 B, must be pos. to ota * » B, must be pos. too so (b,-2B ) > 0 


2 
b 
h 

or 5 )B, 


Py 
2 2 3 : 3 2 3 
Da-b,AY + 2A)R, - b,BU +2 BY - 2b,B 42A'R, + 2B + Mb, BY - 8 BP = 0 
bb, - bd, AT +b A' BR +3 0,BY - SB - 2b. < 0 (m9) 
a 7 hyA THA, B, 3B) ~ FEY 3) 


b, -|b5 - + BY) - 2B (oy = 20,)] A + af = 0 


2 4 


ny tpt sat anbat + made, - nt aah + maf =o 


2. 


ree Seg deve (e sch aot 


te es 
ceed = { waar aa aes fe Sa yo) [A TL ae pet - 
pe: 2 
> ( di 6} am coe meeiiee Wo ecw eh eel ee S94 
ae a 
£ > est & 
fie eS et At ote am B® Ae Os 
Ce Lar) o« fae-@- Bae- api+dy- a 
thes = aff w= ge al Cae oy =e # 
—_ | —_"s O« [Mar aka! Madr emt - 4] 
pat gees eo She aye a Pe BT Ae 
"con » © 
= ye + RE TRY + eA + [HEM Te = 8 
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Fron (M19), Ay (i,j) = -by-SoB + MB + aR 


<b. -3b é + kB’ + 2b bd 
AX = Pa a that B, rt or A 00) 


At : Gat -on at) (5 +3b,b),By “lb BY =2bb,B, 
13nd, «oF B-12o, 1 -6b.b, BP 
a a Ce a Co 4 
abs ‘Sos ae | ~60 3b)B, 


b (#05 9b}By 6D) vB +6 by BE £0.37 lib, B, +1.6b,B) ~2lib,.B) -1.2b.b,.BP) 
° (165)'-Bo,,B, *),) 


b, + Al(ay-2el + mya) + Apeyat <a + Mal = 0 
, (L6BY-Bb,,B, +f) + (4B, -,,)(-b,-3b,.BY MBS +2b,B, )( -b,-2B +2b,B, ) 


2 h 2 2 
+ (+B - 3B + 2, B°)(1.6B6 -Bb),B, +b; ) 
2 a cnt 6 ,. 2.2 2 h, 
#b279b)By + 16B, Hib) + 6b ,b, Bt 8b Bi => ,bB, +1. 6b BY -2Mvb),B 


. - a Jb = Ly 20) ee) aot 


~~ _ 4 s Fl Adel «ate — as 
a et aL Taam fe -? 
he karte Ree 


OS a ae 







; : | ea, ew 
Stes aa 6 ee = es es * ~ ae 
c — 


. a eae 
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Get a> sagy oh Seo Taek = eens « Geeta 


b= £46 
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16 b, BY - G,b,B, + bpd; + (4B, -b,)(0,b,+ 3o,b,B) - Wb,B? - ZbsB + Zd-B 2 
h 5 3 
+ 6 dB - 8 - 4 dB 
2.9 4 2 
~2b.b)B, - 6b) By + 8b), By + it .b, 0) - 16> 3 + 8b 3b,B; -b  - 18B 
. che 2 3.3 2 2 6 * 
+ 32 b,B) - 16 by HY + @jBy + b> + oy, BY + 16B) + Wb By + 6b, B 


i 
8 v3 - - lob g>3B, + 16 b,B 


- 2h by - 12 bb, B 


16 vB - Bp,b,B, + d,d, +4 b,bB, + 12,b,R) - 16D - - 8b, BY + 8b, 


6 h 
£ 2ltb, BP - 32 BY - 16 bn 


2.2 3 

8» bE - 2h pent + 32m, B + 16b 3B) - byb,b, - 3b,byB) + Wb.d,BY 
\ 
+ ap" 3 3, - ras) yk - 6p" , 3, 


3 2 3 2h 2 ., 
48 >) BP + kbd, BY + 2bpb)B, + 6bj, BY - Sb), BY -lb.b) By’ - 160.8) 


3 2 of 


San: Gv ayes aes fe eR — AA 


Bit- Fee: 
mae ewe fens je Byes Bs Ae 
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kyu « Shey + eye asyen> Bet ee ae 
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tygeite ee ba fn Sos Oe Bayes Bah 

he pw i ea, ts 


iam) oe ie FY ee 
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. WBE + 2B - sen + 32 b,B - 160? at + bpB? + dé + gon + 162° 
- bs BE + 6b 4b), 

- 8 b,BP - 4 v,b, B, +16 dB - 24 b,B) - 12 bab, BP = 0 

2 (-32 - 48 +16) + 4 (+ 24 by + 32 b+ 8 by + 2h, + 32d, -24 b, ) 


+ a (26 b, 16, 6b; 8b, -16b, “3b; 16d, + Sb; + 16>, - 2ubi) 


3 3 
by + Gb}, + Sb by, -8b, “12b.b), + 2bj, ) 


“i oe (+12 bqb), + 8b, + 16b 3 


Py, + ‘ib ,b), + kb 


G 


2 4 2 
3 by - baby, + ib, + 6b,b) ) 


2 
+ BY (-26b, ~ 8b 3 


8b,)), ~3b 40), -2b,b), =p 


2 2 
+B (-8b,b, + Moab, + 2b, db, + Zo), -Wbob,) 


3 


a z 


BP (-6h) + (96 b,) + BY (-48 DE -32,) + BP (132 Db, + Sbp) 


a 


2 


2 (426 db, - 4 b5 -ltpb), -8b,0),) +8, (-Bb,b, + 2 


2 2 


in age > Me hp - Pye fe” fam? ee 
Ree’ pre 

ty es ee 

i ot OE - EA ae peti Bie) eH wD 


(ie + mre ra ame Pls Ai So je me ae 
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Auth Sh Thee Myth piyem yee gee Ort = wie) a= 
At fai = oe Soh = el ® ote) ave 
. 7 One Ge > ee) 
(Sed » hee $3 (pitt So ey Na Co ei Gey 
(GALA AO) OMe ergs wie) ® 
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Dy y 
Since 0 “Eh <# end B, # +- 


Let Bo=cb, where 0 Ke < & and/or E<e<% (m21) 
2 2 3 i #8 3. oe 6 66 
Hc | Rey Bae, Baek w= cob 


; 7 iz 3,7 
e° (-Glrv?) © (+96 bp) + * Ee ( -48 by “325)| te i‘ (+32b.b), 7 + 


s 
Siat 2 2 Q 


2 2 
+ (b, >), ~ bab.b), + v5) «= Q 
Try various values of ¢c within botn sets of limits indicated. 


6 

Let “6 ad ~64 b), 
- = 9608 (5122) 

“ y 


4 2 
w, = dy, (=43 by, > 32 b3) 


Ww, = vp (+32 bab, + Spp) 


Wy = vy (416 b, - kbs - kbd, - Sb by) 


" Ma 
% ~ On (-Sb, bd), + 2b 


2 


2 2 
Wo = (b, d), - bobby, “ b) (2123) 


s a” 
Stim Sap 0 emt 
{ oer) ove >t wy s > w er genres a P| 


1A. Ww Shek Stok Ge- JAee 
‘ha CAO) S, |e eons Jel Ss ame some 


ae # pat . bP leds : a oe cu ff te ae ’ 
G= 9" phe - fell + 


beta et wi moat te seme cod clidie 6 Je @uTT etter et 
8 = am al 
(rem) eee 
(yt aes Gy te) dew 
(Gat gigs tt) Gos ge 
Coed > ogdh ~ Fe = ace) Gy = ge 
* i ays gf pee WA) yee | 
et allytgs = gaps) Sn al 
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Then 
3 


Ff 


bee 7% 
0<e< and Er «ec <- 


Let a - 5, 


(m2)) 
O = @€ by 


~b, ~3>,4 4 bor? + 25,c, ine) 
i nt, nnn 


> 
4 ~ (m126) 
%, = & (by, -20,) = 5 (b, -2eb,) = $0 - 2c) 


N (m27) 
2 a= j _ a 
A, = ‘B - (8, {- a) “42250, On 


r ' j > 
e > e- 7 ' e._* * »* 


;- => ? Van, jo 


ad ~~ 
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Partial Fraction Form 
It has been assumed that the denominator of equation (H113) has the 


following form: 


% 


[ 2 2 2 2 
s | + @) +t |e + %) m a | 
A solution of the roots of the denominator has been solved accordingly. 
See equations (B114), (BL2%), (M125), (M26), and (M27). 
Therefore, from equation (W113), we must go to partial fractions. 
Yee « oa 
a5 +a,5° +a,8 + 85 +e 


+ bps + bs 


eo A,s +B a. ee , 
"erg em [eee | 
A, 6 +B Ays + 
— Cy gay et 3 
° vas + (a + 85) of + aoe + (a + B,) | 


Put the last term in the form of a polynomial with a common denominator; 


it then becomes 


Th. oe) bee 
“a te 14038) eine Se erect ee <a A “tf 
“Y, « ecw 


ita al © Ae We 
' 3L “ 


Vitens ce Ce ne Somes i Let cet Se orca 6 
Je oe Seal) boo) (4) sil ene oe 
eee? wires © ao ret we (ELS) pe ort eer ree 





prod MeO ac 2 ihe CAOROELOG © Le amet anit Vf meet iw act dt 
sere! wold OS 
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A c q 201 A (of A 9 a + 24s + (of + 0 - A. 6 “bs we 





} 


2 2 2\2 _e 
+ Bs Irs + 2,5 + (a, + 2) + Ays . +2 0,8 + (of 4) 





ie ft =m fs c \e a a é 
+ Bs 3 , oe r (of, + 83) : iz vg + «8-9 


pr tear + 


———- 
ae, ' 


7 ; 
2, |e" +20,,8° 16° (af! +8) + 2a,6° + bat, 8° + 201, (cf, + By) + 8° (of + 23) 





The numerator becomes 


+ 20,(0% + BR)s 
A - is 2 8 _ of 8 3 2 
+ (of 1 23% f a | + Als” + 204, As + A, (of, “ By, ds + Bs + 20,3. s 
+ E., (of - pr) + As" 4- 20.Ay 5° r Ay (cf es p3) s* “ B,s> + 2B,0,8° 


2 
+ By (of + B3) 


If coefficients of like terms ere grouped, the numerator becomes 


, 1 si 
> =e, ‘ i iV gy? ‘= "allie e* a | iy 


th ow)! A GF | ral. pita lee 





Gas be ue ries Seas! Seu Ue the ee 
at BA 
Se yap Mae Ae B88 aye Sah ee ee BY 
Sages typ Se ihe Bd ae be teens Nake aes Bo te 


oy a SL ae ao 
MDT NOE At on qt tone GEE hameincyiecy EE 





7 





~ 4 


¢ —_ 


oF la, + age i a + 20h, + 20,0, + B, + 20,4, “, 


+3 C BA, + eA, + (8 +85)A, ° (of) +85, )A, + AS 050m, 495 | 


“ 


' + anf + 2046S + OSM, + Cf, 0) 2, « (OS + 05) 


[6 +08) cof + | 
re 


This numerator must equal 


4 3 2 


a, § * 88 +a,s +48 +a, 
Therefore, coefficients of like terms my be equated. 


, a, 2A +A, +A, (m28) 
O,= 2GA, + 20A, + 2A, +B, + BOA, + By (3129) 
a, = (G+BL)A + or,on,A, + (of + Ba)A, + (+8, )A, + 20,8, 
+ (of + 65) Ay + 2 Bye, (51.30) 
a, = 20,(c%, Bi )A, + 20,(08 +85)A, + (of, +,)B, + (0G +85) B, = (aL) 


a, = (a + BS) (of + Bf) A, (m32) 


¥ Me - i dee ape tee | y oh)" 


Aredia) pa alley alle i> ayer ane FtA- 





ae Sn ee ghs athe Byes AM payee 


ua =3 Ga- = 2 

Laure fee sud rerecue aEae 

> sae ht Thee *s as 
ee eee 
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From equation (5132) 


(2133) 


f(b + Bee + Bey se + BF) 


Let 6, = (08 +85) e, = (@ + 8) (34) 


a 
\e] 
Then Ay 2 (e,)te,) gi, 
Equation (B128) becomes 
me FP Oe, 2S SF 
Equation (5129) becomes 
2A. + 20,0, + B, + B= a, -2A (a, +%) = 4, 
Equation (BL30) becomes 
6A. * GaAy + 20, B, + 20,3, = a, - A, (a, * 8. +4 aa) = a. 
Equation (B131) becomes 
G, Bz + By = a - A, (20,9, + 2 Oe.) = ay 


In equation (B35), 
B 


O 
Let :* e AL r= CNe,7 (E136) 


Then 


PO) poke ae 


an re os 
Lam) (2 We @ Cop « = at 


a 
comme | Ce) ra re 
Pre-P ese 
mores (EL) woidengel 
eile ih od ai ae AE a al 
: pected (CEI) cobb 
ae te et als aes PS ee 
tooenes (CA) emtanegl 
peo lap e+ et) A eno Be 
(ob) actives at 


ana 
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qd) os a), ~= = (B37) 
x x x 
a, = a, 7 by (7.38) 
x x x 
dg -@ - ¢ bd, (2139) 
3. on 1, 
sa, - 3 w, (BL40 ) 
x zm % 
Solve these four simultaneous equetions using metrices 
(1) (1) (0) (0) i 
(20, ) 20. 1 1 S 

0 . 0 G), 63 dy, 

1 a: 0 0 dy | 
(204-20) (205-20, ) 1 (4g-804,4, ) 
(g),-),) (g, “8),) 20, eu, (a, 8), ) 

0 0 a, 3 “ty 

1 Ll 0 ¢) 

, ~ 1 (a, ~20,4, ) 
ba. “2, (20, -20,,) (2c, - 20%, ) 
(65-6), ) 20%, 2c, (d,-g,4, ) 
0 Gy 53 qd), 


ioe ft /* ¥y _s 4 





i. 


co 9) Ty (toe) - 
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at 
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3 3 sin Bt) 


(a cos By,t + Ps x sin Bt) 
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follows: 
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Then, , 
3 
[ i a, 8 +88" +a,,8 +a,6 + a 
“1 ae . -. 
8 + bys + be +b, +b; 
It is noted that this is the same as equation (B1L13) except the 
constant coefficients (a) » Ags etc.) of the numerator have different 


values. The solution for z is the same as for x except for that change. 
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OZ 
V2 - (e,)te,) (156) 
“12 = he ~ Is (57) 
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The solution for 9 is as follows: 
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It is noted that this 1s the same as equations (B13) and (B155) 


except for the constants in the numerator. Therefore the solution is as 


follows: 
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ha 2 as - ser 
CE = 2(045-%,) J6y235 "S20 ~ 24,4), | (g476),) on + 204.6049 + Ayo | 
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eRe | 
0 = B, e (P529 cos Bt + Pi 30 sin Bat) 
Zt 


5s” (a. | 
+e ( P oy sin Bt + Ps x cos Bt) 


+ 
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t 
+e (-Po),5 Sin B,t + PL, cos B,t) (21.78) 
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ss (Paro cos Bt +P), sin B, t) 


t 
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Now there is a complete description of the motion during the sliding 
phese. 

It is noted that Xo» Xs Zo: Zo, o, and ®, are used as initial 
conditions for the LaPlace equations for sliding. This is in eddition to 


their use in linearizing. 
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However, te; Zo end. @, are used only for linearization (and not for 
initial conditions). It is not appropriate to use the State 2 conditions 
of accelerations for initial conditions for sliding. For that reason it 


s 
is considered, for use in the sliding equations, to consider 


i, + -as (n180) 
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Vertical Force on Bow During Sliding 
It is important to note that the downward force, Favs’ may be solved 


for each time t during the sliding phase. (This value should not exceed 


+. 
(Fvede since this would immly local crushing should heve started again. ) 
The value of F.,. may be determined from equation (B92). 
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ax 
rr (E150) 
Z (B163) 
ay 
om (E164) 
2 
- (5165) 








Steet we gy) ee Ort SF et See See? of © 
ee ie Ae eT A) ee gees A Qe) 6 ed ee 


(722) eeene BOT are oF et oor on 
ts uae ( Pit = © ae 


S e- Bis aruba 3 - 
(al! solders vou) seome> of gon Oo cole 


om : 


: 
(pus) Pe 





-360- 


Termination of Sliding Phase, State 3 
If the equations of velocity (E250), (BL64), and (5178) combined, 


the velocity of a point on the bow in contact with the ice may be deter- 
mined. When this velocity becomes zero the sliding phase has terminated, 
« 


State 3. Using this time, t., X9) 23, and 9. can be cetexained fron 


3 3 
(m49), (8163) and (B177) and this will give us the location on the ship 
of the point of ice support. Using this point the static equilibriwm 
problem may be solved (preswaing slipping does not start immediately) 
and the downward force under the bow mey be determined. 

From Figure B-xXIX it may be seen that the velocity of point A on the 


bow may be expressed in terms of the z-component 


az ag 
Yaz at ~ at (GA). (m82 ) 


and the x-component 


ax ae 
ea ai» (GA), (m82) 


Since these two components ere related as shown in Figure B-xXIX, the 
value of one may be used to determine the value of the other. However, 
when v,, = 0 thenv, = 0. For that reason either equation (181) or 
(m182) may be used to find the time, t,, for v, = 0. 

Equation (m62) for the velocity component of A in the x-direction 
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From equation (P86) 


(GA) = (H-Ke) +z 


~_ 
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ax ae 3 
Vay 7 oe ae) **| 


ad 
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(7283) 


The values to be used come from equations (B150), (178), and (163) 


respectively. For each substitution of t into these equations and then the 


substitution of these values into equation, ea velocity Vas results. When 


Vax becomes zero the sliding phase hes terminated and State 3 has been 


reaches. 
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Figure B-XXvI 


Dllustration of Position at State 3 





From equation (B88), 
(GA,).. = Ky, = x 


3 


From equation (B86) 


(GA) | = (H-KG) + 2 
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Etate 4 

It seems quite probable that when there is no velocity of the bow 
relative to the ice that all velocities will be zero, or negligible. 
However, the Asta ecullibriwm problem should be solved regardless 


based on support of the bow at point A, for time be. 


It should also be noted that the friction force due to sliding 


has now disappeared. 
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Based on Figure B-XXVII Newton's equations may be applied for 


static equilibrium. 


fay * = ~Q 


7 cos ©, - Fi, = 0 (m8) 


“Fro, ~ Tap, 54m 9%, - 4 - Tey + A = 0 


“Fag), ~ Typz, 240 9%, ~ Tey, = 0 (2185 ) 


It is to be noted that Pag) will be of greater magnitude if tne 
bollard thrust is eliminated (stopping the screws) as long as static 
equilibrium can be maintained by static friction at the bow. 

it may be seen in Figure B-XXVIII that the change in draft at the 


center of gravity fron State 3 to State 4 is equal to 


2) 


Therefore 


a= 2, + (cA,) (o, - 0.) (5186) 


From equation (B17) 
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Figure B-XXVII 


Free Body Diagram for Static Equilibriun, 
State 4 





4+ Thy 


= increase in draft at LCF 
= pounds per foot immersion 


= pbollard thrust, pounds 
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Figure B-XXVIII 


% 


Tllustration of Moment Arms (GA, ). and (GA) ), 





(G,,4,),, = (GAz),, cos (@,-03) - (GA,), sin (0-05) 
and for small angle (0,,-,) 

(GA) ), = (GA3), - (GA,), (0, - 93) 

and 


(G) Ay), = (GA), F (GA). (9),-0,) 
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z + (LCG - LCF) e 


a 
i 


i 


zy + (LOG - LCP) 2) 


ld 


my 
From equation (8186) 


hy, = 2, + (L0G ~- LCF) @, + (GA). (9), - @..) 


> =n,* % 


Foz (G,,A,,),, + Poxh (GA), ) e * The (KG-d) 


~ (A + Thy ) GM, @, = 0 (B187 ) 
Fag): (o4,), - (GA,), (@, - | Fans | (A, ), * (GA), (0, - 0 | 


—_ 


+ Myo, (KG-d) ~ A GMO, - TOM Oy s + (Lec - LOF) 0, 
Z (GA), (0), 7 “| 


= 6 (31.88 ) 


It may be seen that three unknowns (0), Fay » and Fw) appear in 
the three equations (184), (8185), and (R188). 
As mentioned before, the maximm static vertical force Foz can be 


attained when the bollard thrust is eliminated. (Under this condition it 
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is assumed that static friction at the bow is sufficient to maintain 
equilibriim or 2+ least the acceleration sliding back down the ice is 


negligible. ) 


Set “ = QO by stopping thrust. 


Then F h = 


Ecuations (3165) end (8183) may now be written as follow: 


Fog, - Bp 25 ~ Ty (LOG-LCF)@, - T.. (GA,),, (o, - 0.) = Q (B189) 
Pop) | (GA), - (GA,), (0, - 0,)| - 2 @t, o, (2190) 
Tp @t, 9%, ls + (LCG - LCF), (GA). (9), - )| = 0 (R190 ) 


Expand equation (B13¢). 


-Fao), ~ The > 2, (LCG-LCF) 6, = % (GA), 9), 


+ T. (GA,), ®, = O 


haa 


Fon, ~ Te Z, + Ty, (GA). = T, lew ~ LCF) + (GA). | a), 


mae af at UU gut sonia Me ‘we Lemiewe ef 
ae! «ed PRP bo 8 gf ORL pp dere eee Od je! of ee Sl lee 
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pers? emWwrme & Ye ”_ 
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Py ~ T 2. +§. (GA.,), 8, 





QO, =z 
h - 
2. | (ios - LCF) + (GA,),. | 
~F 
B24 
; “e ~ 22 + (GA), (B191) 
(LOG - LCF) + (GA,), 
Set d, = (LCG ~ LCF) + (GA). (m.92) 
-F 2 (cA) @ 
Bz 
a — 


Substitute equation (5193) into equation (H190)and solve for Fao): 


Fook (GA,),. * Foph (GA..) °. 
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: °, : 2 (GA), = 9. 
2 
d, 


DZ4 (GA.,). 
ra 
a, Tp 


- GF 
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2 
ie ~b, = V vP - ha,e, 
By 2 8), 


It is presumed the values are real and unequal (i.e. by - ha) cy, 0) 
% 
and that the larger of these values is the significant one. Therefore the 
static force under the bow is 


3 : 
~ by + \ by ~ Hac) 


Sees: “tes x (ms) 
The final trin (0, ), may be obtained from equation (5193), 


9 = ek 3, (3 
4 4 Te, “ aT 


The change of position in the x-direction, on settling, is negligible. 
The final value for z (z,,) may be obtained from equation (5186), 


2, = 2, + (GA). (0), ~ e..) 
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Extracting Thrust 
Once the icebreaker has completely ceased moving (State 4) it 


frequently becomes stuck in that position due to static friction which 
can be signifileantly greater than kinetic friction. 

It is possible,indeed probable, that an icebreaker designed to attain 
a high downward sustained force may also, unfortunately, require a very 
large backing thrust to remove itself. For that reason it is important 
to know what backing thrust will be required to back down. This will be 
called “extracting thrust”, 

It is necessary to create enough extracting thrust to overcome the 
friction between the bow pleting and the ice. The direction of this 
friction force is parallel to the stem since that is the direction of 
impending motion at the bow. 

The values of x,, 2), (GA) 1) (GA) a> and @, are known end valid for 
this condition since changing them would imply the icebreaker is not held 
vy static friction. 

Refer to Figure B-XXIX. The force normal to the bow plating on each 
side is N/2. The friction force is then f, N/2. 

As may be seen in Figure B-XxXX the force normal to the stem, in the 
centerline plane, may be expressed as 

N cos 6 
where 6 = angle between normal to plating and centerline plane. 

These forces may be resolved into ea vertical component and a hori- 

zontal component respectively. See Figure B-XXX. 
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Figure B-XXIx 


Forces on Bow When Backing is Impending 





Figure B-Xxx 


Component Bow Forces When Backing is Impending 








“shee 


EF 


nop @ (it cos B) cos (1, + @,) + f.N sin (1, + 0,) 


od 


Frop = (co 8) cos (1, r @,,) + £, sin (i, + @, ) | (BL96) 


FEF... = - (N cos #6) sin (1, + 0, ) + £N cos (1, + @,) 


BXE 
3 9 
Faye = N (cos 6) sin (i, 4 0) + £. cos (1, + °,)| (8197 ) 


Suming forces in the z-direction, (See Figure B-XXXI) 


4 - (4 +T,h,) +E, sin @, - Fhog = 0 


As may be realized from equation (2189), 


A - (A + Thy) = + Fao), 


Therefore, 


+ Foo, + B, sin @, - Fig, = 0 


Foon = Fag, + % in 9, (m98) 
Summing forces in the x-direction, 


Fayp ~ ©, 008 , = 0 (p99) 
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Figure B-XxXx] 


Free Body Diagram for Extraction 
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Let 3, = (cos 8) cos (4, “ 9), ) +f. sin (1, “: 9) 


and b, =z = (cos f) sin (i, + 0) + £, cos (i, + 0, ) 


«, 


Then equation (8198 becomes 
_* zs Fag) + E Sin @), 
n= 2+ (F_, +8, sin @,) 
a, B24 t \ 


Equation (199) becomes 


bn i E,. cos 9), 


cos 2%), 


* 





N= 5 


Equating these equations 
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F 

E. = —— (B202) 
“L 
ce cos ®, ~ sin ®) 

It is noted that all values needed to solve 4, fron 
equation (B202) are known. 

There is a small moment created which will help free the icebreaker. 
So neglecting this is on the safe side. Furthermore, if the line of 
action of the thrust passes through the point of contact, this moment 


vanishes. 
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Computer Progrem 
Returally the solution of ell the preceding equations would be 


quite tedious and there would be &® high probability of error. This is 

compounded by thé fact that there are three iterative solutions involved. 

Furthermore, one solution by itself would be of little value; comperisons 

are needed. 

For the reasons mentioned the solution has been programmed in 
Fortran and carried out on an I.B.M. 709% canputer. 
The following is a listing of the input deta which must be supplied: 

EP Length between perpendiculars, ft. 

B Beam at waterline, ft. 

H Mean draft, ft. 

MS Displacement, lb. 

BA Bow angle (from base line to stem), radians 

SA "Spread angle complement (normal to bow plating with respect to 
centerline plane), radians 

VL Impact velocity, ft./sec. 

AL ad, Waterplane coefficient, dimensionless. 

CF LCF, Longitudinal position of the center of flotation (- if aft of 
amidships, + if fd), it. 

CG LCG, Longitudinal position of the center of gravity (- if aft of 
emidships, + if fra), ft. 

GK KG, Height of center of gravity above bese line, ft. 


* This work was done in part at the Computation Center at M.I.T., 
Canbridg?, Massachusetts. 
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Height of thrust line above base line near center of gravity, ft. 

Bollard thrust which would be attained for rpm used during crushing 
and skiding, lbs. 

GM, » Longitudinal metacentric height, ft. 


Ice/ship kinetic friction coeff., dimensionless. 


Ice/ship static friction coefficient, dimensiorless. 


S/G Compressive failure stress of ice, 1b/2e* 


Nee mm om oii) Piclegite 5 


ae en PIE Sy 








Silt 


M4045-3564sFMSsTEST 95953500090 DYNAMIC 


XEQ 
DYNAMIC [CEBREAKING Re Me WHITE 
326 READ SsBPsRBsHsDISsBAsSAsV1 sALsCFsCGsGKsDesTBsGMseFKsFS5SIG 
5 FORMAT (4F15.3/4F15.3/4F1563/4F1503/F 1503) 
PRINT 415 BPsBsHsCISsBAsSA sVi 2AL 9 CF aC GsGKsD5183»GMesFKsFSsSIG 
41 FORMAT (6H BP=s9F15.355H = 9F150355H H=5F15e397H DIS=5F1503 
1/6H BA=59F15.396H SA=9F150e356H Vi=9F15.3%96H AL=9F1l503/ 
26H CF=9F156396H CG=9F15e396H GK=9F150395H D=9F15e3/6n 
3=5F15.356H GM=5F15e356H FK=59F15e396H FS=5F15e3/7H SIG=>5 
4F15e3//) 
XM = (3636E-2)¥*DIS (B66) 
ZM (5.78E=2)*DI 3 (B67 ) 
RG = 0.622*BP (B/1 ) 
THM = (5.0E-2)*(RG¥#2)*DIS (B68 ) 
DP = (1¢76E-2)*DIS*BP#*] 05 (369) 
DH = (5¢29F=-1)*DIS/BP¥#0 05 (B70) 
TF = (64062)*BP¥B¥AL 
SIBA = SINF(BA) 
COBA = COSF(BA) 
TABA = SIBA/CORA 
SISA = SINF(SA) 
COSA = COSF(SA) 
P1 = (SIG#TABA/SISA)*(SIBA#*(COSA+FK*®SISA)+FK*COBA ) 1233} 
P2 = (SIG*TABA/SISA)*(COBA*(COSA+FK¥SISA)-FX¥*SIBA) B39 
P3 = P2*(BP/2.-CG)+P1¥(H-GK) (B51 
Al = THM 
Cl = DIS*GM \ (B56) 
D1 = V1¥#2#P3 
AL1 = —-B1/(2.*A1) 
DISC1l = 4.#C1/A1—(B1¥¥2)/( A1**2) 
Meee >1SC1} 11522 (B57) 
2 BEl = 065*SQRTFI(DISC1) 
AAL = (2.*D1/C1#¥#2)*(A1-B1%#*2/C1) 
AA2 = (26*D1/( (C1¥**2)*BE1) )*(BI-AL1*(A1—-(B1**2)/C1)) 
A2 = ZM 
B2 = DH (Bu6) 
@2 = TF 
D2 = —-P2*V1¥#¥2 
AL2 = -B2/(2e*A2) 
DISC2 = 46*C2/A2~(B2¥#¥2)/(A2##2) 
Meet DISC2) 125353 (B61 ) 
3 BE2 = 0.5*SQRTF(DISC2) 
BB1 = (26*D2/C2**2)#(A2—B2*#2/C2 ) 
BB2 = (26*D2/((C2**¥2)*BE2Z))¥*(B2-AL2*(A2—(B2**2)/C2)) 
PRINT G5 XMsZMsRGsTHMseDP »DHs TF sP1sP25A19B19sC1lsP39D1sAL15BE1sAA1 9 


1LAA2 3A29B25C2 D2 sAL29BE258B1 »BB2 
4 FORMAT (G4E12.4/5E12e4/5E1L2 e4/4EL2 ce 4/4EL2 eo 4/4ELS e4//) 
i OW ae)s: 
it = 140705 
27a al EXPE CAL Pat) 
COB iT COSP (BRETT) 
SirBi1 SEN Cae iT) 
i = 


1 


Se eee eA ee 
(B58 
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a1 


14 
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1-AA1 

THD = AL1L*EAL1T¥(AA1L*COB1LT+AA2*SIB11) +EALIT¥(-AAL*BE1*SIB1LT+AA2 (B55) 
L¥REL*¥COBLT)4+42¢#0N1*¥T/C1—-2e*#R1*DIL/C1**2 

THDD = (AL1**2-BE1*#*2)*EAL1T#(AAL*COBIT+AA2*SIB1T)+2e*AL1*BE1* (B59) 
MEAL 1T#(—AA1*S181 1T+AA2*COB11T)42.#D17C1 

FAL2T = EXPF(AL2%T) 

COB2T COSF(BE2*T) 

SIB2T = SINF(BE2#T) 

2 =EAL2T*(BB1¥CO32T+BB2*S1B2T)+D2*(TH#2)/C2-2 6 B2*D2*T/(C2**2) =BB1(B62) 


2D = AL2*EAL2T*(BB1*COB27T+BB2*S1B2T)+2AL2T* (-BB1¥*BE2*SIB2T+BB2 (B63) 
1¥BE2*COB2T)+2e*D2*T/C2-2 o¥#B2*D2/C2##2 

ZDD = (AL2*%2-BE2**2) *EAL2T*(BB1*COB2T+BB2*SIB2T)+2.*AL2*BE2* (B64) 
LEAL2T*(-BB1*SIB2T+BB2#CO32T)+2e*D2/C2 

X = ViX(T-P1¥T##3/(120%XM) ) (B41 ) 

XD = SQRTF(V1¥¥2-26#P1¥X¥¥3/(3—*XM) ) (3:0) 

XOD = —P1*X*#2/XM (539) 

FXC = PL¥X¥*2 (ELT) 

FZC = P2#X**2 Pus 

GAX = (BP/2.-CG)-( (H-GK)+(BP/26-CG)/TABA) *TH+Z/TABA oe 

GAZ = H-GK+4+Z (B16) 

TAGA = (GAX*¥THD=20N)/(XD=GAZ*THD) (B65 ) 


DIF = SINF(BA+TH)/COSF(BA+TH)=<TAGA 

PRINT 69T»xTHsTHDs THDD2Z9ZDs9ZDD sXsXDesXDD»FXC oFLCsTAGA 9 GAX 9 GAZ 9 DIF 
POeMAT “(PL ie5/3F1165/3F1 1.5 /73F lle S/S ZELZ eo 4F 11s S77/) 

Met AD) 35538937 

PRINT 3959 F2C 

SO TO 36 

FORMAT (44H SHIP STOPPED DURING CRUSHING PHASEs FZC2=9E12-5//) 
IF (DIF) 1451497 


fi. =f 

THL = TH 
THDL = THD 
THDDL = THOD 
ou = 2 

Ape = 20 
Zool = ZOD 
XL = X 

XDL = XD 
XDDL = XDD 
FXCL = FXC 
Peel. = FZC 
TAGAL = TAGA 
GAXL = GAX 
GAZL = GAZ 
DIFL = DIF 
Go,i1C } 

Gere = DIFL/(DIFL=DIF) 


eee TLTTERPS(T=1L) 

mie = THL+ITERP* (TH=THL) 

THD2 = THDL+TERP*( THO-THDL ) 
THDD2 = THDDL+TERP*( THDD-THDDL ) 
Mee Ate Ree LZ) 

Boe = OLE TERPs{Z0D—Z20L) 

Epp 2%= 7 DOLE TERPs{ ZDO—ZD0U) 

AZ = XL+TERP#(X=—XL) 


XD2 = XDL+TERP#* (XD=—XDL ) 


XOD2 = XODL+TERP* (XDD-XODL ) 
FXC2 = FXCL+TERP*(FXC=—FXCL) 
mee? = F2CLPPBRPY (Fr ZC—FZCL} 


TAGA2 = TAGAL+TERP*(TAGA-TAGAL) 


GAX2 = GAXL+TERP*(GAX-GAXL ) 
GAZ2 = GAZL+TERP*#(GAZ-GAZL) 
Dire = DIFLATERP*(DIF—DIFL) 


10 PRINT 159 T29TH2sTHD2sTHDD2 3225202 sZDD2 »X29XD2sXDD2 sFXC2 sFZC2, 
LTAGA2 »5GAXK2 sGAZ2 sDIF2 

15 FORMAT (6H e=sF lla 5/7 ie TH2=59F11.538H THOZ=s5F liws5s 
19H THDD2=48711.5/6H Z2=5F11.¢597H ZD2=sF11.598H ZDO2=sir lilies oy 
26H K2= eo bres fo XD2=9F11-¢558H XOD2=5F11¢5/8H FXC2=sE12 5% 
Sor FZC2=s3E12.5/9H TAGA2=5F11¢5s6H GAX2=9F11¢598H GAZ2=s5 
GP Pleos 8H DIFZ=sFl11s5/7) 
GO TO 16 

ieee INT 1osD0ISC) 

PeeeroRMAT (E12 64) 






GO TO 36 
12 PRINT 13s01SC2 
GO TO 364 
ICEBRFAKER SLIDING PHASE SOLUTION R, Me. WHITE 
16 AS = COSA*SIBA+FK#CORBA bea 
BS = COSA¥COBA=FKH¥SIBA BSL 
MOD2 = -1%«0 \ 
7O02 = 0<0 4s (3180) 
THDD2 = 0-20 
P4 = GAX2+X2 B38 
P5 = 1et+(AS/BS)##2 ects 
HGK = H=-GK 
CGCF = CG=CF 
GKD = GK=D 
All = =—XM 
Bll = -(TB/V1) ¥(16+tAS*®TH2/BS+P5#TH2*%2 ) 
oe et Se, 
A1l12 = ZM*(AS/BS+P5#TH2) 
B12 = DH*(AS/BS+F 3*TH2) 
C12 = TF¥(AS/BS+P5*TH2) 
Al3 = 020 
B13 = orn 
C13 = TB*¥(AS/BS-AS*¥XD2/(BS¥#V1) +2 6*®P5¥TH2=26*P5*XD2*TH2/Vi1) 


TtTF#(AS¥CGCFE/BS+P5%*Z242.*P5*CGCFRIH2Z) +P5*#DOH#ZD2+P5*ZM*¥ZDD2 
Dl = -TB¥(16+AS*XD2*TH2/(BS¥V1 )-PO¥TH2% #242 g*#PSXXD2*TH24*2/V1 ) 
1+ TF¥(P5*#Z28TH2+P5*#CGCFRTH2%#2 )+P5*#DH*¥ZD2¥TE 24+P5*ZM¥ZOD2¥TH2 


A21 = 4.0 
B21 = The coustuunrva-Tu2ekasvraasencetily (eee 
LtAS*®TH2*Z2/ (BS#V]1] )+P5¥Z28THO2¥*%2/V1L—-GKD/VI ) 







7S = TBI TH2—xXD2*TH2/7V 1 I+ Fe (22 +CGCe 4! A?) Diep ieee be 

A22 = ZM#(=P44+X2-AS#HGK/BS=P5#HGKETH2-AS#Z2 /BS-P5#TH2*Z2 } (R100 ) 
B22 = DH*¥(-P4+X2-AS*HGK/BS—P5*HGK¥TH2-AS*Z2/BS—P5S*TH2*Z2 ) 

G22 = TF#(X2-AS*HGK /BS—Po*#HGK* TH2—-P 4264454227 BS-AS- CGC wee eo 


1-2 e®¥P5XZ2*%TH2—PS5*¥®CGCFXTH2Z** 2—-GM*¥TH2 14+TB*(-AS*#TH2/BS+AS*®XD2*TH2/ 
2(BS*V1)—P5#TH2%%24P5#XD2*#TH2R*%2/V1 De DH¥(RKAS¥ZD2/BS—-P5#ZD2¥TH2 ) 
3+ZM% (=AS*ZDD2/8S—-P5*ZDD2¥*TH2) 

A23 = -THM 





=300 5 


a -—()P 
C23 = TB¥(=P4+P4*XD2/V1+4X2—-X02*K2/V1—-AS*HGY /BS+AS*HGK*XD2/ (8S¥V1 ) 
1-2 oe ®PO*#HGK* THA +2 6 * OS KHGK EXD 2*TH2/ VI-AS#Z2/55+AS*XD2*Z2/ (BS¥VI } 
2-20 ¥P5*¥Z2*TH2+2 6*®PS*XD2¥TH2#Z2/V1 )+TF% (—P4¥CGCF+CGCF eX 2-AS#CGCE* 
BHGK/BS~PS5*HGK¥Z2—2 XPS *CGCE RKHGK#TH2—AS#CGCFEHZ2/ BS—PS*¥Z2%K2—2e#PS 
4*¥CGCF#TH2Z*Z2—-GM*#Z2—2 6 ¥GM¥CGCF*TH2 )+DH* (-P5S*#HGK¥ZD2—P5%¥ZD2%22)4Z2M% 
Bie OF HGK* ZOD2—P5*Z2ZDD2*Z22 1 =DIS#GM 

D2 = TB¥(P4*XD2*TH2/V1+TH2* X2-26*XD2¥TH2¥X2/V1+tAS*#HGK*¥XD2¥*¥TH2/ (BS* 
LVL) -PS*HGK ET H2%%2+2 6 *PSHHGK EXD 2ETH2*%2/VI—AS# TH2*®Z2/BS+2 « *AS*XD2 
Z2*TH2*Z2/ (BSEVI JH FP SRTH2%#2%Z2243 6.#PSHXD2¥Z2HTH2Z¥*2/Vi-GKD) +15 ( 
322%*X2+CGCF¥TH2Z*X2—P5*HGK ¥Z2*TH2~P5*CGCFHHGK#TH2*%2-AS#Z2%*2/BS-AS ((BL00) 
4ECGCF *TH2*Z 2 BS—2 ge FPSRTHAHZ2%R2—2 CH PERCGCFRZ2*%TH2#*2—GM*TH2*Z2-GM% 
SCGCF*#TH2**2 p4ADH* ( ZD2*#X2—P5¥HGKHZD2* TH2-AS*Z902*Z2/BS—2 oe #P5*ZD2*TH2* 
Of7 tr 4iie (2002 F2 -PSeHGK*ZU02* 7 H2-AS*Z002*22/8S—2.4*P5*Z0D2 "trea ) 










hes =: oie ht 

Bae rs 16 

Ca = jug) 

A32 = 40 

B32) = Cy) 

C320= Ie/TABASTHZ/ SIBAR*2 

A33 = 0.0 

B33 = 0-0 

C33 = -GAX2/TABA+GAX2*TH2/SIBA##2+GA22 


D3 = X2-GAX2*TH2/TABA+GAA2* TH2*®*®2/SITBAKK24+Z2/ TABA-Z2*TH2/SIBA**2 
eon 2 2 HZ 
PRINT 179AS2BS9P49P55A11 9B11sC11sA1l1z259B125C123A135sB139C139D13 
1A219B219C219A22598225C225A23 38239023302 9A31 9B31 3031 9AN323B329C325 
CNS 3B 339C335.D3 
17 FORMAT (4614.6//3E14.6/3E14.6/3E14.6/E14e6//3E14.6/3E1426/3E14-6/ 
Meee //S3014.6/3F1 4560/3651 Se6/E1l4e6// ) 


Dll = Al1*¥XD2+B11#X2+A12*ZD2+B12%*2Z2 

Di2 = Al11#*X2+A12%22 

pies. = ()1 (B10) 
O21 = B21*X2+A22*Z02+B22*Z24+A23¥*THD2+323*TH2 

D22 = A22*22+A23*TH2 

D23°= 02 

033 = 03 

DD4 = Al11*A22*C33+A12*A23*C31-A11*A23#C32 

DD3 = Al11¥*B22*C33+611*A22*C33+A12*B23*C314812*A23*C31-A11*B23*C32 


1-B11*A23*C32—-A12*B21*C33 (B109) 
= ALL#C22*C334+B11*B22%C33+A12*C23*C314+8124B23%C3 1422 ee 

Pee 2 oe C82—B lle 2 oe Co2mAleeC21*CS3=B12*821*C53-C 1 Suh oe 

Pre Bl C22'C33+812*C23eC314+Cl2*B23*C3l+Cil3*B2 ] 4Co250 ieee wae 

eee G2 14C33—C1l2*b21*C33-Cli3*B22*C3i 


Pee Ci2*C23*C31+C13¥C21*C32-C12*C21*C33—Cl aa 27 G3] 
U1T3 = D12*A22*C33+A1 2*A2Z3*D33-D12#A23%*C32-Al2*022*C33 
We = D111 *eA22*C334+D12*B22*C334A1 2482303348 1274 25D 35-D hese 


1-D12*B23*C32-A12*N21*C33-B12%D22*C33 

UL1 = 011*B22*C32 -D12*C22*C33+D13#A22%C33+A12*C23*D33+B12*B23*D33 Y (BI08) 
L+C12¥A23%0334C13*022%C32-D11¥B23%C32-D12*%C23¥C32—-D13%A23*C32 
2=A12*A23*C33-B12*D21*C33-C12¥*D22*C33-C13¥*A22%D33 

UL0 = D11*C22*C334D013*B22*C33+B12*C23¥*D334+C12¥B23*033+C13%D21*C32 
1-011*C23*C32-D13#B23*C32—-B12*D23*C33=-C12#D21¥*C33—C13#B22*D33 

U09 = D13¥C22*C334+C12*C23#D334C13¥D23¥C32—-D13*C23#C32—-C12#D23*C33 
1=-C13*C22%D33 





U235 = L11*¥D022%C334+D1L2# A23*C31-AlL1*®A23*D33 

U22 = a O21*C334+811#D22*C334+D11*A23*C31+012*B23*C31-A11*823*D33 
1-811*A23*D33=-012#*821*C33 (B152) 
U21 = A11*023*C334+811%021*C334+D11*B23*C314D012*C23*C314+013*A23#*C31 
Poe 25 ee ool Leo 340S 3 Ol 1462163 3—)1 24C2 1 eC 33-1302 ea 

U20 = B11*023*C334+D11*C23*C314+D13*823*C31+C13*821*033-311*C23*D33 
PeGl LY C21*C33=015%e7 1 *C33—-C1 3021+ C31 

Bio = DISFC23*C3r-Ci 34#C7 1033-01 3*C21*C33=Ci 3*023*C31 

U33 = A1LL*A2Z22*N33+A12*D022*C31—-A11*D22*C32-D012*A22*C31 

U32 = A11*B22*D032+B11*A22*0334+A12*D21]1*C31+B12*D22*C31+012*B21*C32 
iege  O2 bee 32-81 Pe D2 2 * CS 2-A Leb 2) F035 3—-D11 KA22 "C3 1-012 eb 224s 

U31 = Al1*C22*D334+B11*522*D33+A12*D22*C314+B12*021*C31+C12*D22*C31 /(B53) 
1+011*B21*C32+D012*C21*C32-A11*023%*C32-B11*D21*C32-A12*C21*033 
eel 2452105 5=011*b22*C31 =O 12 C22*CS3 1-1 S*AZ25C3i 

U30 = 811*C22*D33+312*D25*C31+C12*D2] *C31+011*C21*C32+D13*B21*C32 

ee D2 3% C32—6) 2£C21 433 -C) 2432714803301 1) eC 224C3 1-01 34677. 

Meo = Cl2s023*C314013%C21*C32—-Ci2*C 21403 3-013" C22*C 31 

PRINT 13901153012 50135:D21 902250235033 5,0D04 »DD3 »DD25DD1sDD02U139U12> 
1U119U10 9U09 5U23 »U22 5U21 »U20 9U19 9 U33 9U32 5U31 »U30 »U29 

WE4 = DD3/DD4 


WR3 = DD2/DD4 

WB2 = DD1/DD4 (B12) 
Wed = Dv0O/004 

WE = -64 —*WB4* #6 

W5 = 96e*WB4O**6 

W4 = (WB4&**#4)%# (-GR -k#WB4HK2-32,. WBS ) (Ri22) 
W3 = (WBR4*¥*3)# (32,.*WB3*WE44+8,*WB4HX*3 ) 

W2 = (WBRG*E2)¥ (LO C*#FWBIL-4Geo*#WB3*H2-4.*WBZKWB4—-8 oF WB 3B XWB4E*2 ) 

W1 = (WB4)*(-8.*WB1¥WB44+2 -HWRSBR*2HWB4 +2 SHWE 2X WB4EH2 ) 

WO = WBI1¥WB4&##2-WBR2*WB3*WB4+WB2**2 

Gee “0 

Cl aa 


C = €C+0.2001 

TOT = W6XC#HKGEWSHCHEE5S4EWYGHCHHG+W3 HC HH Z4W2*CHX24W1¥C+WO (R123) 

PRINT 135 C»TOT 

ae TO 19520420 

Gee Gl—1071L*0.001/(TOT—TOTL} 

PRINT 135 C 

AL3 = C¥WB4 (B12) ) 

D1SC3 = (-W!B2—-3e*WB4*(AL3¥#¥2)+4 0% (ALZ¥#3)+2.*WB3*AL3)/ (46 *AL3-WBS )(B125 ) 
MaCD1SC3) 21522522 } 

PRINT 135 DISC3 \ (BL25) 

GO TO 36 

BE3 = SQRTF (DISC3) 

ALG = (1.-20*C)*WB4/2. 

DISC4 = WB3-(BE3**2)—(AL3##2)—-GeXAL3#AL4G=(AL4G**2 ) (B126) 

IF (DISC4) 23524524 

PRINT 139 DISC4 (B127) 

GO TO 36 

BE4 = SQRTF (DISC4) 
G3 = AL3¥*2+BE3**2 ] 
G4 = AL4G#*#2+BE4G##2 

PRINT 139 AL3s8E3s4L42BE4sG39G64 

AGX = U13/004 j (P1121) 


(B13) ) 
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ee =We 27004. 
ip = U11/ oes 
mis = U1l070D4 (2111) 


ANK = UN9/0D4 
PRINT 13% A4&SXsA3XsA2X9A1XsA0X 


CixX = AOX/(G3¥*G4) (2136) 

DIX = A&X-C1X (BL 37) 

D2X = ABX-C1X*WBS (B1 36 ) 

D3X = A2X—-C1lX*W83 eae 

D4X = ALX-C1X¥WB2 BLLO 

C6X = (2e*(AL3B-ALG) *(G4#¥D3X-DIX*G4¥~2—2 6 KALG*D4X ) +(G3-G4) *(-G4*D2X 
1+2 ¢*AL4*#G4#DEX+D4X) )/( 20 *(ALZ—-AL4) ¥ (2 oe ¥AL3#G4—-2 6% AL4*G3) +(G3-G4) (EL41 ) 
2%*2) 

C5X = (D4X#G3*C6X)/64 (Bike) 

C4X = (G4*(D2X—-26*AL4*D1X) -D4X+C6X* (G3-G4) ) /(26*G4*(AL3-AL4)) (BLY3) 
625 = D1x=C4x (BLY) 

P23X = BE3*C3X 

P13X = C5X-AL3#C3X 

P24X = BE4*C4X (BLUS) 

P14X = C6X=-AL4#C4X 

PRINT 13% C1XD1X9D2X 9D3K 5 D4X 9 COX 9 C 5X 9 C4X 9 C3X 9 P23X 9P1 3X9 P24X oP 1 4X 

A4Z = U23/0DD4 

A3Z = U22/0D4 (B54) 

pee 217004 

AlZ = U20/DD4 

AOZ = U19/DD4 

PRINT 135sA4ZsA3ZsA2Z2sA1Z 2A0Z 

Giz = AO7Z/ (632G4 } (R156) 

D1Z = A4&Z-C12 : 

D2Z = A3Z-C1Z*WB4 (B157) 

D3Z = A2Z-C1Z*WB3 

D4Z = A1Z-C1Z*WB2 

C6Z = (2e*(ALB—-ALG) *(64¥D3Z2-D1Z¥G4*¥*2—-2 o ¥ALG#D4GZ) +(G3-G4) *(-G4*D2Z 
L+2 eo *¥ALG¥G4HD1Z4DE 2) ) A (20 *(AL3B-ALG) ¥(2 e FAL3¥*G4—2 o*¥AL4*G3)+(G3-G4) | 
2%# 2) (2163) 
C5Z = (04Z2-G3*C6Z)/G4 (BL59) 

C4Z = (G64¥(D22-2.*AL4G¥D1Z)—-D4Z2+C6Z*( G3-G4) )/(2e*G4*(AL3—-AL4)) (BLE) 
C3Z = 012-C42Z (BL6L ) 
P23Z = BE3*C3Z 

P13Z = C5Z-AL3*C3Z 

P242 = BE4*C4Z ‘ (B1L62 } 

P14Z = C6Z-AL4*C4Z 


PRINT 13% €12Z3D12Z3:02Z23:0D329D4Z 3C6Z 9C 52 9 C4Z 9 C3Z 9 P23Z2ZsP132Z»P24Z P1142 
A4T = U33/0D4 


A3T = U32/0D4 (B168 ) 
A2T = U31/0D4 

AlT = U30/0DD4 

AOT = U29/0DD4 

PRINT 135 A4T»A3TsA2T ALT sAOT 

GET = AOQT/(G34*G4) (B1L70) 
DIT = A4ST-Cl1T 

D2T = A3T-C1T*¥WB4 (B171 ) 
Bet = AZT—-C1IT*WB3 

D4T = ALT-C1T*WB2 

COT = (2e¥(ALB-ALG) ¥(GG4#D3T=D1LT#®G4**2-2 e#ALG#ED4T) +(G3=G4)*%(-G4*D2T (E172) 


25 
eal 
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1+2o0*AL4G*G4#D1T+D4T) )/ 026 *¥(AL3-ALG) ¥ (2 oe ¥AL3*G4—-2 6% AL4*G3 ) +(G3-G4) 


C5T = (D4T-G3¥C6T)/G64 (BL73) 

C4T = (G64*(D2T=2.*AL4#D1 1) -D4T+C6T#(G3-G4))/(20*G4*(AL3-AL4)) (BLT) 
C2 = D1T=CaT 

ema, = BEseCsy —* 

P13T = C5T-AL3*CiT : 

P24T = BE4#C4T | (2176) 

PL4T = COT-AL4S*C4T 


PRINT 135 C1TsD1TsD2T 9031 sD4T sC6T 9 CST sC&T 9C3T 9 P23T »P13T sP24T sP14T 
all = =On O00 


T = T4#02100 * 
Bae o! = EAPR RAL ST ) 
SBS = COSF (BeEs*T) 


Seo!) = SINF (BE3%7 ) 
EAL4ST = EXPF (AL4#T) 
COB4T = COSF (BE4*T) 


SIB4T = SINF (BE4G#T) 

X = CLX+(1./(BES*EAL3T) )*(P23X*COB3T+P13X*S1B3T)+(1./(BE4*EALGT))* (BLYO) 
L(P24X#COB4GT+P14X*¥SIB4T) 

XD = (-AL3/(BE3*EAL3T) )*(P23X*COB3T+P13X#SIB3T)+(1e/EAL3T)*(~P23X (BI50) 
1*SIB3T+P13X#COB3T)—(AL4S/S(BEGHEALGT ) S#(P24K*XCOBST+P14X#*SIB4T) 
2+(Le/FAL4ST) ¥(=P24X*SIBGTTPL4OX#COBGT 

XDD = ((AL3*¥#2=BE3%%2)/(3E3*EAL3T) )#(P23X*COB3T+P13X*¥S183T)-(2e% (HI51) 
LAL3/EAL3T)*(—-P23X*SIB3T+P13X*COB3T)+( (ALG¥*2-BE4**2)/(BE4G¥EALSGT))* 
2(P24X*¥COB4T+P14X¥SIB4T)~—(2.*ALG/EALST ) ¥(—P24X¥SIB4T+P1L4X¥COBGT) 

Z = C1iZ+(le/(BEZ*FAL3T) ) *(P23Z¥COB3T+P13Z*SIB3T)+(1le/(BE4S*EAL4T) )* (R163) 
1(P24Z*COB4T+P1L4Z¥*#SIB4T) 


AOy = (-AL3/(BES*EAL31) )¥(P232*COB3T+P132*S1 B31) 401.7 EALS1 )3(-P 237 ee 
L¥SIB3T+P13Z*COB3T)-(AL4S/(BES#EAL4ST) )*#(P24Z2¥ COB4ST+P14Z2*SIB4T ) 
2+( Le /EAL4ST) ¥(—=P24Z2* STI BST+P14Z*COB4T ) 

ZDD = ((AL3**¥2-BE3**2)/(BE3*2AL3T) )¥(P23Z*COB3T+P13Z*SIB3T)~(2e% (B165) 


LAL3/EAL3T)*¥(-P23Z*SIB3T+P13Z*COB3T)+( (ALG*¥#¥2-BE4G##2)/(BEG*EALGT))* 
2(P24Z*¥COB4T+P14Z¥*SIB4T)—(2 e XALG/EALGT) ¥(=P24Z#SIB4T+P14Z*COBS4T ) 

TH= C1T#(10/(BE3*EAL3T))¥(P23T#COB3T+P13T*SIB3T) + lle/(BES*EAL4T))* (BLT77) 
1(P24T¥COB4T+P1L4T#SIB4T) 

THD= (-AL3/(BE3*EAL3T) )*(P23T*COB3T+P13T¥SIB3T)+(1e/EAL3T)%(-P23T (3178) 
1¥SIB3T+P13T#COB3T)—(AL4/(BEG*EALST) )#(P24T*¥COB4T+P14T*S1B4T) 
2+(1le/EAL4T) ¥(—P24T#SIB4GT+P1L4T*COBSGT ) 

THOD= ((AL3*#¥2~-BE3*#2)/(BE3*EAL3T))*(P23T*#COB3T+P13T¥SIB3T)-(2e*  (B179) 
1AL3/EAL3T) *(—=P23T*¥SIB3T4+P13T*COB3T)+( (AL4G*#*2—-BEG**2)/(BE4*EALGT))* 
2(P24TXCOB4T+P1L4T#¥SIB4T)—(2e*ALG/EALGT) #(-P24T#*SIB4T+P14T*COB4T ) 


FBZS = -TB¥TH+TB¥XD* TH/VI-TF¥Z—TFRECGCF¥YTH-ADH*¥ZD-XM*ZDD (B92 ) 
WRAT = FBZS/(V1*DIS) BeLy 

VAX = XD=(HGK+Z)*THD et 

ja T+12 


PRINT 265 TTsTsX9XDP2XDDs2ZsZD9ZPDsTHsTHDs THDD »FBZSsWRAT » VAX 


26 FORMAT (14H bOTAL TIME=srils os 37 T=sP lee er A= Ee. s 


16H XD=9FlleS5e7H XOD=9F1l1le¢5/5H Z=oFlle5s6H ZD=9Flled,» 
27H ZOD=9Fl1e5/6H TH=eFlleSs7H  THD=sFlle¢5s8H  #$THDD=59F11.5/ 
38H FBZS=9E120598H  WRAT=sF10e697H VAX=9F1l1le5//) 

TEST1 = A11*XDD+B11*¥XD+A12*ZDD04+812*ZD0+C12*Z+C13%*TH-D13 (B95 ) 


TEST2 = B21*XD+C21*X+A22*Z00+822*20+C22*72+F 23% 1HD0+B23* 1hD+C23 71 7 Geeeae 
eZ 3 
Geos = CS Xs C322 SCS Seine 33 (B103) 


i 


Pats Pe ag: a ole, = 
- Fr °¢4e ' 
pp eae” 
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PRINI 135 TESTI1sTEST2;TEST3 
IF (VAX) 30330531 

SO IF (VAX+00¢02) 29528528 

Oe? {2= 1=0~e005 
Go TO“2 7 

ee Ie {(VAK-0402) 28528425 

eo tts = TT 


i= T 
X3 = X 

XD3 = XD 
XDD3 = XDD 
Ze Z . 
203 = 2D 
ZDD3 = 20D 
TH3 = TH 
THD3 = THD 


aes = FRZS 
WRAT3 = WRAT 
VAX3 = VAX 
PRINT 329 11739T39X39XD39XDD392392D3 9ZDD39TH3sTHD3sTHDD35F B23 
LWRAT 39VAX3 
B22 PORMAT (17H Sites VALUES? 4H EOTAL TIME=sFl ig5S s6R T3=,5 
LPi2e976H X3259F11.597H KD3=s9F11¢+¢5,58H XDD3=s,F11%5/6F ZL3=, 
ee) AEE ar ZD3=9F11-¢558H ra 20 58 Ve ey i THS=s F.liw ds er THD3=5 
SFLIR6 39H THOD3=,5,F11-25/%8H FOZS=5E) 26559 WRAT3=s9F 1006» 
48H VAX3=o9FlleD//) 
Boel = FZC2/FBZ3 
IF (PRAT=$12.0) 42944944 
42 PRINT 435 PRAT 
43 FORMAT (46H CAUTIONs CRUSHING FORCE 7 SEIDING FORCE 15 Ges, 


44 GAX3 = P4-x3 (287) 
GAZ3 = HGK+Z3 (B36 ) 
Ql = CGCF+GAX3 (BL92) 
A& = GAZ3/(QO1*¥TF)-GM¥CGCF/ ( TE#Q1**2 }-GM*GAX3/ (TEXQ1L¥*2 ) 


B4 = GAX3+GAZ3#*TH3+GAZ3*Z3/Q1—-GAZ3*GAX3*TH3/Q1+DIS*#GM/(G1L¥TF) 
1+GM¥*Z3/Q1-GM¥GAX3*TH3/Q1 -2 6 ¥GMECGCF¥Z3/ QL #242 6 FGMECGCF*GAX3*TH3/ 
2Q1¥H2—2 o HGHMEGAXB¥Z3/QO1LEH242 » FGMEGAX B#¥2*¥TH3/O1LH #2 (BL94) 
Ch = DIS¥GM¥Z3/Q1—-DIS¥GM¥GAX3#TH3/Q14TE#GMHZ3¥*2/Q1-TEXGMEZ3¥GAX3* 
1TH3/Q1-TFE¥GMHGAX3*TH3¥Z3/Q014T F¥GM¥GAX3#* 2 *TH3¥¥2/Q1-( TEXGM/Q1**2) * 
2(CGCE#Z3¥#2+¢CGCERGAX3¥E2¥THS¥H2—2 0 ¥CGCFERGAX3¥Z3¥TH3+GAX3¥Z 324 
3BGAXZ RBH TH3HH2—2 6 HGAXZ¥H2*Z 3¥ THB) 
PRINT 139GAX39GAZ29Q19A49B49C4 
OcCS = (64%+2)-4,.%A4eC4 
Me D1SC5) 34333433 
34 PRINT 135 DISCS 

GO TO 36 (BL) 
33 RAD = SQRTF (DISC5) 

FBZ4 = (-B4+RAD)/(20%A4) 


WRATG = FBZ4/(V1#DIS) (3214) 
TH4 = -FBZ4/(Q1*TFE)—-23/Q1+GAX3*TH3/Q1 fort 
Z4 = 23+GAX3*(TH4-TH3 ) B186) 
X4 = X3 


PRINT 355 X49245TH4sFB2Z49WRATS 
E> FORMAT (17H STATE G VAECUES/ 6H X4=59F11.596H Z4= 5Fll ed» 





COBAS = 


RAT = 
PRINT 
40 FORMAT 


TH4=9F11¢5/26H 
=sF10.6//) 
COSF (BA+TH4) 
SINF (BA+TH4) 
COSA*COBAS+FS*¥SIBAS 
=—_OSASSI BAD PS *CCeA oD 
FRZ4/((AT/B7) *COSF(TH4)=-SINFC THA) ) 
ei7 is 
4OsET»RAT 

Caer 


IteRUST TO POLLARD THRUST 


So 10236 
END 
DATA 
2592900 
Oren 5 
-~4.300 
500002900 
43200900 
e509. 000 
0.523 
—-4,.300 
50009 .900 
50000-9909 
250-000 
Ge223 
=~4,300 
50000 e000 
432002000 
2502000 
Cure ag 
=~ 500 
500002000 
50000.000 


, 


622000 
02886 
-3.300 
240.000 


62.000 
0.886 
-3.300 
2402000 


622000 
02886 
—~32300C 
2402000 


622000 

O0+«886 
=o pon 0 (6, 
2402000 


hs 


EXTRACTING THRUST 


wee 


meter ace ae 


256750 
10000 
2201/20 

0e200 


254750 
10-000 
22a 730 
0200 


2 Sue 7 50 
64000 
Laat oo 
02206 


22% 120 
6 «000 
22750 
0-200 


=9012¢5/50H 


VERTICAL FORCE AT BOW = .Fl2s5776H 


RATIO OF 


11880000-000 
Oe 124 
66750 
Oe800 


11880000.-000 
0.12% 
62/50 
O+«800 


11880000-000 
Gel Zo 
ome @ 
02800 


11880000000 
Oe 724 
67/50 
0-800 


AHITE RA 


(3200 ) 
(3201) 
(B202 ) 


EXTRACTING 


rae 
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The most important output of the program is the relatively sus-~- 


tained downward force under the bow during State 4. 
 pgh = Vertical Force at Bow, lbs. 
In addition other output is available as follows: 


Xk «= Forward motion from initial point of contact, ft. 
Zt = Vertical position of the center of gravity relative 
to the original position at the time of contact, ft. 


Tah oS 3 Final trin, redians 


"1 


1 v a BZ: 
Waite Ratio" = Displacement )(Impact velocity 


ET = Extracting thrust, lbs. 


WRAT sec/ft 


fi 


RAT Extracting thrust/Bollard thrust, dimensionless. 


il 


Other information is readily available (if desired) as a function of 
time. 
Forward position and its derivatives X, XD, XDD = x, x, x 
(ft, ft/sec, and ft/sec”) 
Vertical position of the center of Z, 2D, ZDD= 2, 2, z 


gravity and its derivatives (ft, ft/sec, and ft/sec”) 


TH, THD, THDD = 0, 6, @ Pltech angle and its derivatives 


(radians, red/sec, and rad/sec“) 


F 


Re Downward force under bow during all phases as a function 


of time. lbs. 
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Other output is available directly but is only incidental to the 
solution of the basic problem. This includes total mass, including 
virtual (in each sense, %, 2, @), radius of gyration, pounds per foot 
imuersion, pitch damping coefficient, heave damping coefficient, and 


scores of coefficients used in the soluticn. 
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Suitable Simplifications 
Fron Milano's work (18) it may be seen that the longitudinal inertia 


coefficient of the waterplane is approximtely linear as a function of CG, 
the waterplane: coefficient. 


This may be expressed as 


C,. = 0,030 + 0.06) -~ 6.0 a- 0.4 








i2Z 0. - 0.65 
0,030 
Cs, = Q.030 + 9°33 4 
Cy, = 9-030 + 0.1304 (a - 0.65) (B203) 
3 
m - 2— - —“ 
Wok 3 (nIS 
, C,, m° 64.2 ¢,, BL 
zs <= = ee (520}.) 
™" vol * (asVg,, Die 
DIS 
°C," 6y.2 La (2205 ) 
Then, 
G, “th 
BM, = ca (B206) 
a 





B-e—re * (3207 ) 


eb OL err_s 
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It is noted from the "Wind Class" inclining experiment (29) that the 


height of the center of gravity above the keel is 23.4 ft at a draft 
of 26.25 ft, or 


% 


Milano indicates the center of gravity may be expressed as follows: 


0.6% H= KG = 1.208 


(8209) 
Let it be asswmed, as an approximation that 
KG = 0.6 F (B210 ) 


The longitudinal metacentric height, GM, 5 may be determined by 
using equations (2205), (B203), (3207), (B206, and (B210). 


Gi = KG + EM ~ KG 


(B211) 


Bollard thrust may be approximated by using a propeller loading 
factor, T 
B/ (Prop. diaz. )? 


Tt has been shown (for twin screw icebreakers) that the ratio of 
propeller diameter to draft varies linearly with design draft (18). 


PD/,, = 0.82 ~ 7224 (4-10) = 0.82 ~ #19) 


It follows that 


(3212) 


Pa 


Peat 
: 2. 
Prop. Diam. = H lo.62 +7 (H - 10) | 
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For twin screw icebreakers the propeller diameter can be based on 
equation (B212). Fron this the bollard thrust can be approximated (for 


ieebreakers over 300 ft) by (18), 


T, = (0.38)(2240)(Prop Diam)” (2213) 


Parametric Study, General 
It is important to determine how the variation of a parameter 


effeets the sustained downward force. For example, it would seem obvious 
that an increase in displacement would yield a greater downward force. 
It is to be noted, however, that there are sixteen variables as para~ 
meters and only a few of these can be considered as approximately inde- 
pendent (i.e., the bow angle). 

As 4 first basis, assume an icebreaker the size of & "Wind Class” and 
see what effect there would be from shifting some parameters independently 
Within reasonable linits. 





Be (length between perpendiculars) = 250.0 ft. 
B (bean at waterline) = 64.0 ft. 
H (draft mean) = 6 tt. 
DIS (displacement ) =  12,100,000.0 lb. 
BA (ip, bow angle) <2 0.523 rad. 


(8, spread angle comlenent ) 0.886 rad. 
Vi (impact velocity) varies from © to 25.0 ft/sec. 
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AL (@, waterplane coeff. ) = 0.724 
CF (LCF, center of flotation) = «1,25 ft 
CG (LCG, center of gravity) = 2.40 ft 
GK (KG, peight of center of gravity) = 23.4 ft. 
D (height of thrust line at c.g.) = 16.0 ft. 
7 (bollard thrust) = 270,000 max. 
GM (Gi, , long. metacentric height ) = 195.6 ft. 
FK (ice/ship kinetic friction) = 0.2 
rs" (ice/ship static friction) = 0.8 
SIG (failure stress of ice) = 1h,000.0 1b/ft* 


Some of these properties may be varied independently (i.e. Vl, IK, 
SIG). Other parameters may be varied within reasonable limits and under 
that condition it may be assumed that they are independent (i.e., TB 
depends on shaft r.p.m., used during the crushing and sliding, D, GX, CG, 
SA, PA). ‘The remaining parameters (GM, CF, AL, DIS, H, B, BP) may not 
be varied independently. 

The impact velocity, Vl, will be varied on subsequent solutions 
(fram 0 to 25.0 ft/sec, 0 to 14.8 knots) along with one other parameter. 

The ice/ship kinetic friction, FK, will be varied from 0.1 to 0. 3. 
These are reasonable limits (14), (15). 


* FS is not necessary for the solution of the downward force. 
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The compressive failure stress of the ice, SIG, will be varied fron 
25,000 1b/ft* to 200,000 1b/tt*. (39) (Strengths below that would probably 
not give a "Wind Class” icebreaker any difficulty at all (37).) It should 
be noted this parameter cannot be controlled. 

As the solution was worked out, it was presumed the bollard thrust (78) 
would be based on the rpm of the shaft necessary to maintain impect velocity 
in open water. The variation in practice, depending on the choice of the 
Commanding Officer, is from zero-thrust (stopping ships screws at the time 
of initial contect) to maximum thrust (by applying full power at the time 
of initial contact, as wes done during the 1963 D.7.M.B. - Westwind tests 
(37) ). In any event, the solution considers that only a partial thrust 
is used against the ice until the ship stops. At that point only, bollard 
thrust is completely against the ice. For that reason, the bollard thrust 
may be considered independent and will be varied from 0 to 270,000 lbs. 
for the "Wind" class, the maximm available. (Other classes will have 
different limits. ) 

The height of the thrust line of action, D, measured near the center 
of gravity could reasonably be varied from 10.0 ft to 18.0 feet for the 
"Wind" class. It is noted that this is merely an extrapolation of the 
shafting line and may not in fact truly represent the line of action of 
the thrust. The solution disregards any vertical component of thrust when 
the ship is in trim. The solution does take into account a vertical 
component as the ship has it's bow raised by the ice. 
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The height of the center of gravity above the keel, G, is 0.9% to 
1.2 times the mean draft for most icebreakers. In normal load the "Wind 
Class" GK equals 0.91 times the mean draft. ‘Therefore, GX will be varied 


from 22.0 ft. té& 31.0 ft. for the "Wind" class. It must be noted that Gt, 


must be varied accordingly to keep ty constant. 

The longitudinel position of the center of gravity, CG, may be 
varied but this implies there is an initial trim which effects, among 
other things, the effective bow angle. The secondary effects will be dis- 
regarded. (For exemple, if the icebreaker is up 30" by the bow as the 
result of shifting the center of gravity back two feet, the effective bow 
angle is increased about 2 o/o. CG will be varied from -4.4 f% to -1.4 ft. 
for the "Wind" Class. ) 

The spread angle complement (the angle from a normal to the hull 
plating to the center line plane, Bh), SA, may be considered as quite 
independent. A "sharp" bow may have 6 = 70° while a "blunt" bow muy have 
B= 20°. ‘Therefore, SA will be varied from 1.2 radians (sharp) to 0. 35 
radians (blunt). 

Probably the most often discussed variable of icebreaker design is 
the bow angle, BA, (i,; the angle from the bese line to the stem). 
Assuming that the stem is a straight line from the forwerd perpendicular 
back down to the keel, as this solution does, the lower limit must be of 
the magnitude of 15°. (At about 6° the stem becomes the keel of an ice- 
breaker with a large designed drag!) In fact, at this low angle the bow 
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angle camot be considered completely independent. However, the bow angle 
will be varied from 0.262 radians (15°) to 0.80 (about 45°). 


"White Ratio” 


It is anticipeted that the downward force under the bow in the static 
condition (State 4) following ramming will be effected approximately 
linearly by displacement and impact velocity. For that reason, the 


following coefficient may be of use in comparison of paremeter effects. 


F 
WRAT = et see/ft (B214) 
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"Glacier" 
BP 
B 
H 


«1.0 3 


Class Paraneters 


bm 4 


ms 


290.0 ft 

72.5 ft 

28.0 ft 

8640 tons = 19, 350,000.0 lb 

30° = 0.523 radians 

50.8° = 0.886 radtens 

variable 

0.3 

“1.45 @ (scaled from Wind Class length) 
-2.78 f (scaled from Wind Class lengthO 
24.5 ft (scaled from Wind Class draft) 
16.8 ft (sealed from Wind Class draft) 
455 000.0 1b (4) 

275.0 ft 


0.2 
0.8 
144,000 1p/ft* ( 39 
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"Lenin" Class Parameters (4) 


BP = 420.0 ft 
B = 90.0 f 
H = 30.25 ft 


16,000 tons = 35,800,000.0 lbs. 


= 
ca 


= 30° = 0.523 radians 

= 50.8° = 0.886 (est. equal to Glacier, Wind Class) 
= variable 

= 0.80 

= -2.10 (scaled from Wind Class length) 

= -4,04 (sealed from Wind Class length) 

27-5 (scaled from Wind Class draft) 

= 18.8 (scaled from Wind Class draft) 

= 730,000.0 lb 

= 545.0 


= 0.2 


SMe oo ABSes ER 


= 0.8 


a 
8 


144,000 1b/zt" ( 30 
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As noted previously, some of the variables may not be varied in- 
dependently. For example, a change in @, the waterplane coefficient will 
cause a change in pounds-per-foot-immersion (TF), the height of the center 
of buoyancy (KB), and the distance from the center of buoyance to the 
longitudinal metacentex (m4, ). There could be a change in the height of 
the center of gravity but it will be assumed this is unchanged. For the 
sake of comparison it shall be essumed that the displacement does not 
change (the block coefficient remains constant). This implies that if the 
higher waterplanes have an increased coefficient, the lower waterplanes 
must have a decreased coefficient. 


Assume that @ is changed over a range from 0.70 to 0.85, then, 








C,, = 0.030 + 0.1304 (2 - 0.6) (8203) 
DIS 

&% * @h.2 La (B205 ) 
2 
ct. .8 

OM = oF (5206) 

KB = ore (B207 ) 


GM, = KB +  - KG (3211 ) 
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Utilizing the equations listed above the computer program may then 
give results based on a change of & and consequently a change of GM, 
end pounds-per-foot immersion (the latter is already a ealculation con- 
tained in the program), 

It is possible to assume thet the longitudinal position of the center 
of flotation varies slightly. Within reasonable limits other terms may be 
held constant even though a change in ship form would be necessary 50 as 
not to introduce trim. (However, displacement, length, draft, and the 

LCF 


coefficients could remain constant.) It will be assumed that fep Varies 


from 9 to -0.010. (For the Wind Class LLE/, ap = ~).005. ) 

In order to find the effect caused by changing draft, H, the beam to 
draft ratio may be varied (3). Most other values will be held constant 
(i.e. displacement and block coefficient, length). ‘This implies that the 
product B x H remains constant. Let the beam to draft ratio vary fron 
2.0 to 4.0. 


First determine the product of the parent ship. 


BxH = Cpu (5215 ) 
B = (B-H Ratio) #8 (3216) 


eae 


C 
a 
a -\ (B-t ratio) (B217) 
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Using the value of C_, determined in equation (B215), find the new 


BH 
draft H from equetion (B27) and then find the new beam, B, from 
equation (B216). 


Assume, for the sake of comparison, that 


“ 
KG = 0.9% i 

Then utilize equations (3203), (8205), (B206, (B207), and (B211) to 
determine the corresponding longitudinal metacentric height, Gu, . By 
entering these changes into the program and by varying beam~to-draft-retio 
as indicated, the corresponding effect may be obtained. 

tin most polar icsbreakers the length~to-beam-ratio is approximately 
4 to 1. It ie possible to determine the effect of varying this ratio, Be/ 3, 
by modifying the solution but holding displacement, draft, and the block 


and waterplane coefficients constant. This implies BP x B remains constant. 


BP x B= Con, (2218) 
BP = (BP-B ratio)B (R219) 
B (BP-B ratio)B = Crop (3220) 
» -\| ee (naa. ) 

* \ (BP-B ratio) 


Using the value of C determined in equation (B218), find the new 


prB 
beam, B, from equation (B221) and then find the new length, BP, from 
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equation (8219). 

Then utilize equations (8203), (8205), (B206). (B207), and (B211) 
to determine the corresponding longitudinal metacentric height, GM, 
By entering these changes into the progrem and by varying the length-to- 
peam ratio from 3.5 to 5.9, the corresponding effect may be determined. 

One method of variation of displacement is to vary the block co- 
efficient while holding lengeth, BP, draft, A, and beam, B, constant. 
(Assume that the waterplane coefficient of the waterplane of the effective 
draft remains constant) 

DIS = C, (69.2) LEH 


Tien utilize equations (5203), (Bz06), (8207), and (B211) to determine 
the corresponding longitudinal metacentric height. By entering chese 
changes into the program and by varying the block coefficient, Gq. » fron 
0.4 to 0.7, the corresponding effect may be devermined. 

Tne effect brought about by changing displacement may be examined 
by increasing the size of the ship such that the new ship is geometrically 
similar. To do this, multiply TB (essuming a constant thrust-to-dis- 
plecement-ratio), and DIS by (Scale ratio). Multiply the following 
Length dimensions by the (Seale ratio): 

EP, B, H, CF, CG, GK, D, and GM. 


By utilizing these changes the effect of varying the scale ratio from 0.8 


to 1.6 may be determined for geometrically similar ships. 
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Model Parameters 
Let the length of the ship divided by the length of the model equal 


Lambda. 


Le 
= = \ (3222) 
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/ArA- 


Model Ship 

PF, : HP./ A (3223) 
B = B./ r 

% = WA 

CE = €F/ )) 

CG. = 0G./ 

i , 

D, = an 


ais Or - Gh, / \ 


Assuming a constant density fluid (fresh water or sea water), 


DIs = DS fe (B224) 
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Assuming a constant thrust-to-displacement ratio, 


T™ = 1B, / A> (n225 ) 


The coefficients are dimensionless and are not changed. 
AL = AL, EK = EK, FS FS, (5226) 
Angles are not changed. 


A es «i? aang * 
BA. BA. SA SA, (3227) 


The value for compressive failure stress of ice (or the model- 
supporting-mediua) must be changed. 
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Sig, = SIG/ , (3228 ) 


Since gravity and dynemics are involved it follows that 
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It is apparent that the respective Froude Numbers must be equal and 


Mg 


’ 
ie 


= Wy, (3229) 
A A 
If these model paremeters are used, the values of Xa and a for the 
model in its final position should equal x sf , and 2 s/ r respectively. 
9 a in its final position should be equal. to @.- The values for force 


(poth crushing peak and final sustained value) should be related by . 3 
i 


Equation (B33) is used in the program in plece of equation (Bil) 
because it is more suitable for both model and ship. 
The relationship of time of events for the ship to the time of 


events for the model may be developed as follows: 
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where T = time 


(8231 ) 
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C. SYMBOLS AND THEIR TITLES 

This appendix list the symbols generally used in this research.” 
Symbols of special or limited use are defined separately as used in 
this research. 

a-« Aeeelerstien, linear 

A ~ Area in general 

B ~- Beam at the designed waterline 


Cy 


Coefficient, block = ¥/(LB,H,) 


e - Base of Napierian or natural logarithms 
e ~ Coefficient of restitution 


f. = Coefficient of kinetic friction of ice and hull 
f. = Coefficient of static friction of ice and hull 
Fe Force in general 
Fy = Component of force in x direction in lb. 
Fy = Component of force in 2 direction in lb. 
F, = Force against bow perpendiculer to stem in £ plane, in 1b. 


Bg, * Component of force against bow in Z-direction in lb. 


mx 7 Component of force against bow in X-direction in lb. 


* These are, for the most part, in agreement with recommendations of 
the Society of Navel Architects and Marine Ingineers 
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g ~ Acceleration due to gravity 
H - Draft of a floating body or ship 


i. ~ Slope, bowline or buttock with reference to baseplane, stem angle. 


B 

L - Length, the principal longitudinal dimension of a ship, generally 
length between perpendiculars 

Ly) - Amidships in general 


1p = Thvust, available for breaking ice, 1b, (Total thrust - thrust 


used to overcome non-ice resistance) 


t - Thrust-deduction fraction, = (T - R,)/T 


cr 


~ Time in general 


+3 


~ Thrust; usually ahead thrust; specifically, thrust developed by a 
propulsion device, lb. 
v - Velocity, linear 


w - Wake fraction of Taylor 
= Angle with respect to the £ plane of a normal to the shell at the 
bow. (Note that this is the complement of half the angle of 
"spread" as one looks down the stem line), deg. 
x ~ Longitudinal body axis, positive forwerd 


iS) 


- Vertical body axis, positive from deck to keel 
& - Designed waterplane coefficient 
4 - (delta, large capital) ~ Displecement weight in lbs of salt water 


) « Efficiency, general 
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@ - Angle of pitch or trim in a ship, with reference to the designed 
or normal attitude in the fore-and-aft plane. Its natural 
tangent is the algebraic difference of the changes in elevation 
of the designed waterline at the end perpendiculars, divided by 
the Length L. 

A - Ratio, linear or scale, full-size body or ship to model, generally 
expressed as a number greater than unity; for example, 20th scale 
or 1:20 model. 

CB - Center of buoyance of a body or ship 


CF ~- Center of flotation; geometric or moment center of the surface 
waterplane ares A, 


CG - Center of gravity or center of mass of a body or ship 
CH, Mm ~ Meacenter, for longitudinal inclination 


aR ~ Metacentric radius for longitudinal inclination 


Git, ~ Metacentric height, longitudinal, from CG to OM for longitudinal 
inclination 

LCG - Longitudinal center of flotation abart & 

LCG - Longitudinal center of gravity abaft e 
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Abbreviations for Units of Measurement 


ft - foot 
et” - square foot 
ft? - cubic’ foot 
1b - pound 
1d r° - pounds per square foot 
ft-lb - foot-pound 
hp - horsepower 
ehp - effective power, in Inglish horses 
ihp - indicated power, in English horses 
shp - shaft power, in English horses 
s€c - second 
rpm - revolutions per minute 
kt ~ knot, one nautical mile per hour 
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EB. SAMPLE CALCULATIONS 


Sauple Calculation using Runeberg's Equation 


Wanted: Png, for U.5.8. Glacier 


Given (14): eR 160 tons 


Tey 


i 


° 
1s, = 30,0 


B = ho. 3° 


ss 0.05 
Solution: eos i. = 0.866 


sini, = 0.500 


B 
eos 6 = 0.763 


Typ (cos iy, cos B - 2 sin is) 


(sin i, cos B + f, cos in) 


Trp | (0.866)(0.763) + (0.05)(0.500) | 


SS .Oe—— =) Ce 
| (0.500 (0. 763) + (0.05 )(0.366) | 





(2240)(160) = 358,409 Ib. 


(AL2) 





}. D hed 
ae bad 


0.675, _ 
Foz ™ "xp (38) = 1.50 Tis 


Glacier 


FL. = 537,600 lb 


Wanted: FF... for Stelin Class U.S.S.R. 


Given (3): iy, = 25.0° 


i, = Half Entrance angie in ul plane = 2° 
f= 0.05 
sin i, 
Solution: tan 6 :: tan le 


sini, = sin 5° as 0. K83 
tan 6 = — « 1.100 
8 = 7,8° eos B = 0.672 


cos i, = cos 5° = 0.906 


. T |(0.906)(0. 672) - (0.05 )(0. 423) | 
Ba fo. 423)(0. 672) + (0.05 )(0. 906) | 


att «See gt-a) 
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Sample Calculetion using Kari's Equation 


Wanted: Fog, for U.S.S.Glacier 


Given (14): A = 8640 tons 
= Variable 
200 ft. 

= 28 ft. 

« 0.07 


Q it: fF ©® 
i 


Solution: r 4 1160 A CL sin 0 (A26) 


E L480 )(8640 (0.07 )(2 


2 PS eee ee ee eee 


wy 28,100,000 sin 6 
iil gt 

Q sin @ "BZ 
0 0 o 
a’ 0.01745 491,000 lb. 
2° 0.03490 981. ,000 
3 0.05234 1,470,000 
4° 0.06976 1,960 ,000 


5° 0.08716 2,450 ,000 
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Wanted: FBZ, for Stalin Class U.5.5S.R. 
Given (3): A = 11,000 tons 
@ = Variable 
@. L = 335 rt. 
H = 29.5 ft. 
C = 0.07 ft. 
Solution: pr « HSOdCL sing (A26) 
BZ i 
4489 )(11 ,000)(0.0 
Fy Po ge s 
| hap = 39,200,000 sin @ 
Stalin 
9 sin © Fog, 
fe) 0 0 
‘” 0.01745 684,000 1b 
2° 0.03490 1,36 ,000 
3° 0.05234 2,045 ,000 
4° 0.06976 2,730,000 


5° 0.08716 3,425 ,000 


© Ce 
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Semple Calculation using Simonson's Equation 
Wanted: ¥ for U.S.S. Glacier 


Given (14): = 160 tons 


= 358,400 1b 


i = We 


T 
Solution: F 28 (A43) 


R 
s 
3 
we 
© 


Fay = (1.73)(358,400) = 620,000 1b 


A check against Figure II, Xari's Equation, shows that the trin 
would be about 1°. 


Ty @ = 1° Ty = 358,400 1b 


Fry, Eo (1.66)( 358,400) = 1595 ,000 1» 
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This is in approximate agreement with the trim indicated by Kari. 
Wanted: F for Stalin Class U.S.5S.R. 


Given (3): in = 25.0° 


wD) fait Ue ee AA beer coer ct ea 


6:4 ome uti = a’ tox 
“7 = 4 a! (5) aeti 
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Sample Calculation based _ on This Research 


Assume the following perameters are known or can be suitebly 


approximated: 


Ship 


LCF 


LCG 


H 


ii 


‘Length between perpendiculars, ft. 


Waterline bean, ft. 
Normal draft, ff. 
Normal displacement, lb. 


Angle fran base line to stem, radians 


Angle of normal to bow plating with respect to centerline 
plane, radians 


Velocity of ship immediately prior to initial contact, ft/sec. 


Waterplane coefficient, dimensionless 

Distance from amidships to center of floation (+ 1f forward, 
-~ if aft), ft. 

Distance from amidships to center of gravity (+ if forward, 
- if aft), ft. 

Height of center of gravity above base line, ft. 

Height of propeller hub above base line, ft. 

Bollerd thrust et same rpm as that needed to maintain vy 
at approach, Lb. 


Longitudinal Metacentric Height, ft. 
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3: be ieee, Tere Cheri + =f 
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ectiseGaeo ec Semgeet Siw sectteiy eo! of Laer Yo etyoh © 
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-oe\s2 (eatnos Selsink of owhay <iwtatsemet glia Yo wise = 
seelepienemty ,otetc eos savigee@® + 
Dumenm? 17+) soijeol? To abner of eglishiee pov) eonsdu0h - Wl 
ot Cote tt - 
Jeumevo) 12+) ydivere To wicnes of eqiinbiae movi femseii = Bd 
9% (ote te + 
dt ,eail eeed eveds qsire iv vets Fe dajceK = Bx 
fh \ecti sued eweds dow 12 legesy to dugiet = b 
;¥ Uaiatem ¢) Sebsen daly ae ar emes se eneds isaLlol . oa 
OL ,deworggs J 
« oty ial civiasesse Geethgignol = © 





elec 


Ice 
f, = Coefficient of kinetic friction between ice and ship, 
dimensionless. 
£ «= Coefficient of static friction between ice and ship, 
dimensionless. 
‘T = Compressive failure stress of ice (during the local 
crushing) 1b/ ee 
Values will be selected (or assumed) based on the C.G.C. Westwind. 


= 250.0 zt. 


Uj 


L 
B= 62.0 ft. 
H 
4 


25.75 ft. 
(2240)(5300) = 12.88 x 10° a». 


= 3° = 2 « 0.523 radians 


f+ 
te 


Bp = 50.8° = 22:3 . 0.886 redtens 


573 
Vv, = 6.0 ft/sec 
Q= 0.724 


LOF = -h.3 £t (assumed) 
LCG = -3.3 ft (assumed) 
KG = 22.75 ft (assumed) 


a4 = 6.75 ft (assuned) 
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Tao, = 50-0207 ibs (38) 
(Note: 49.6 rpm at O towrope pull gives 6 knots 10 ft/sec 
49.6 rpm at O ft/sec gives T S01? 
Mm = 2ho ft 
f, = 0,20 (assumed) 
f = 0.80 


+ @ B3kT psi = 50,000 10/tt* 


See (21) 


i « = Ly - we 


ear Vy frou ) ew Org sere 0 10 ape ov) 
galt Cmte coal 6 ae ar SA 





BP = 250.00 B = 62.000 H = 25.750 DIS = 11880000.000 
BA s 523 SA = .886 Vis 6.000 AL = Teh 
CF = ~4.300 CG = 3.300 Gk= 22.750 D = 6.750 
TT = 50000.000 Gi= 240,000 FK= .200 FS = . 800 
SIG = 50000.000 
MMO ==. 3992E «(OG 2M = .6867E 06 ion B67 ) 
RG = .5500E 02 TM = .1L797E 10 B71 (BS) 
Ti -«- .8265E 09 DH = .3975E 06 mr) B70) 
T = .7205E 06 Pl = .21092 05 B72 )(B33) 
P2 «= .2Z167E 05 ee 
Al = .1797E 10 Bl 8265E 09 mé(o06 
Cl = .2851E 10 P3 28448 O07 (956)( B51 
DL = .102KE 09 i) 
ALL = .2300E 00 BEL = .1239E 02 AR t af 
AAL = .3922E-01 AA2 = .2h09E -01 (357 ) (357 
A2 = .6867E 06 B2 = .3975E 06 (B40 (BLO) 
Cl = .7205E 06 DL = .7802 06 oma ene 
AL2 = .2894E 00 BEL = -.L405E O21 Bél =4 
BBL = .1405E O01 BB2 = .1630E 01 (B61 ) (B61 
T = <), 
T <= -.00000 THD = -.00000 THDD = .00000 wee 
Z = .00000 ZD = .00000 ZDD ==. 00000 B62 )(BS3 
a « 6, XD = 6.00000 XDD =-0. B41) (B40) 
FXC = .OOO00OE 00 FZC= .000008 00 B47 — 
TAGA = ~-.00000 GAX= 128. 30000 GAZ = 3.00000 BES ) (B20 
DIF = .5765 

T = 05000 
TH = .00000 THD = .00000 THDD= .O00LL 
% = ~,00000 ZD = ~,00005 ZDD =~.00281 
X = .30000 XD = 5.99992 XDD =~.00475 
FXC = .189788 Ob FzC= .19504E 04 
TAGA = .00006 GAX= 128. 29999 GAZ = 3.00000 DIF= .576h9 

. 10000 

.00000 . 00002 . 00056 

~, OOOO] ~,00037 -, 01114 

59997 5.99937 ~,01902 
-TS906E Oh . 780L0E 04 


* Numbers in parentheses indicate equation numbers of Appendix B. 
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128. 29988 2.99999 


. 00006 .00125 

~. 00125 -.02479 

5, 99786 -,04278 
L7550E 6 

«128. 29938 2.9990 

. 00015 .00220 

-, 00294 -. 04359 

5.99493 -.07604 
-3LI96E 05 

128. 29806 2.99985 

.00029 00340 

~.00569 -.067 34 

-.118380 
4B73hE 05 

128. 29530 2. 99964 

00049 00434 

-. 00975 ~. 09584. 

% , 98288 ~.17102 
TOIS9E 05 

120. 29032 2.99926 

00651 

-.01535 -, 12887 

5.97280 ~. 23272 
HUETE 

128. 28217 2.99864 

00115 .00840 

~.02271 ~, 16623 

- 95938 ~. 30386 
-l2465E 06 

128. 26979 2.99770 


57609 


- 57500 


57290 


56948 


.564L2 


55742 


54819 


ay 


r 
% 
‘~ 


“Sart 





. 45000 

. 00018 
~.00366 
2.69759 
215345E 06 
O40 37 


50000 
,00028 

~. 00554 
2.99670 

.18936E 06 

«05507 





“Lone 


.0OL62 01050 
~, 0320) -. 2078 
5. 9h211 ~, B42 
.157708 06 
128. 25193 2.99634 
,00220 .01279 
~ O4354 -.25 2 
®. 92049 ~, W7hho 
19441E 06 
128. 22725 2.99446 
00290 01525 
~. 05710 ~, 30201 
5.8902 -.57376 
.23537E 06 
128.19)2h 2.99194 
00373 01789 
~,07 ~. B42 
5, 86214 ~, OO247 
-2799TE 06 
128.15132 2.98867 
00469 .02067 
~, 09290 -. 41001 
5, 82431 ~. 80052 
32839E 06 
128.09677 2.452 
00580 02359 
~. 11485 ~. 46856 
5- 77993 ~. 92786 
.33063E 06 
128.02878 2.97934 


53643 


52186 


50416 


48304 


. 45817 





Sh 8) £08 44a 





5.66 
49650E 06 
127.84478 


.01003 
~. 19919 
5.60114 
.56009E 06 
127. 72k75 


127. 22609 


awh. = oe 


“1.52947 
2. G45 33 
-03975 
~- T9TH 
“1, 79274 
2.93270 
.04318 
-. 86867 
~],.88507 
2.91807 


. 39576 


» 35743 


- 31375 


. 26410 


. 20789 


14429 


oO) Cee. 


tare . 


FyEM . 





- 00497 .01799 OLEH 

-.09873 -. 35887 ~. 942 31 

6. 26942 5. 22699 ~2.07641 

S2884E 06 .85180E 06 

» 51088 127.00782 2.90127 .O7231 
M= 1.10000 “ 
TH= .00593 TD= .O020k2 THDD= .05014 

Ye -.11788 ZD= -. 4O777 ZDD= -1.01505 

X= 6.56484 XD= 5.10254 XDDs -2. 27670 
PXC= .GO879E O06 FXC= .93397E 06 
TAGA=.59378 GAX= 126. 75827 GAZa 2.88212 DiFe ~-.00930 
T2= 1.09430 
TH2= 00582 THD2= .02013 THDDD2= . 0407) 
Z2= -,11569 ZD2= ~, 40220 ZDR2: -1.00665 
X2= 6.53119 XD2= 5.11671 XDi2= ~-2. 25389 
Pxc2: .89968E 06 F2Ce= 92461E 06 
TAGA2:- 58433  GAX2= 126.78669 GAZ2= 2.88431 DIF2:  .00000 
AS- .489195E 00 BS= .448067E 00 eeat ens 
Pha .133318E 03 P5= .219200E O01 B87 )(B99 
Alls -.399168E 06 Bli= ~.S38601E O04 | 
Cll= .O00000E 00 Al2= .758452E 06 | 
Bl2= .k439022R 06 Cl2= .795773E 06 / (B95 ) 
Al3= .Q00000E 00 3 BE 00 | 
Cl3= .200060E 06 B= =,.533230E 05 / 
A2l= .QO0000E 00 = -,127029E 06 } 
CZl= -.238980E 06 A2@= ~.892475E 08 | (100) 
A23= ~.179605E 10 B23= -.826493E 09 / 
C23= -.292629E 10 D2 = -.223974E 07 S 
A3l= .QOOOO0E 00 B3l= .OQO00000E 00 5 
C3i= .100000R 01 A32= .000000E 00 | (203) 
B32= .000000E Co C32= .171112E Ol ( 
A33= .OOO000E 90 B33= .OO0C000E 00 
C33= -.21h063E 03 D3 = .508733E O1 / 


ii 
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3 
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aye FHS 
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(21.08 ) 


(B152) 


(HL66) 


(3123) 
(B123) 
(2123) 
(223) 
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(828) 
tha) 








. 6300E-01 
-. 33L2E-02 
. GHOOE-O1 
~. 2750E~02 
- FOOE-~O1 
~.2192E-02 


C=  .6600E-01 ~ 


TOT=~,1639B02 
C=  .6700E-O1 
TOT=~.1092E-02 


‘\ 
P1L3X= .5LISE O1 | 
PekXe -. Blip-o1 © 
PLaX= .13188-01! 


~~" 





155 7EOL 


. 67S8E-G1 
4781E-~O1 
ALE 00 
.3-15E 00 
. 69228 00 


-LTTTE OO 
- 6388E 00 
- .9902EOl 

SLALE-OL 


- 2286-01 
-GK1LE 00 
-L0Z0E 00 
-2053E 00 


.5820E-02 
-2431LEOL 
-18848-01 
- 22438-01 
-5703E-03 


. 2486E-02 


. 33348 ~02 
.2270B-O1 
.1538E-01 
. 2190E-~01 


-14398-02 
-1896E-01 
- G47 6E-03 
»4281 5-02 


-LOLLE~O2 
-1877EOl 
- 9766E-03 
-1703E-02 


Total Tine= 


(m.68) 


(BL70) 


(2171) 


R172) 
E173 
B74 
BL75 


(2176) 


1.09430 % 40, 
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N= 6.53119 XD= 5.10089 XDD. -.59423 an B150) 4 
Les ~, 11569 ZD= 41053 ZDDs .03023 BL63)( BL64 ) (B65 
Tis 00582 TD: .02055 THDD= -.00253 BL77 )( 21.78 )( 3179) 
FBZS= .230228 06 WRAT: .003230 VAX= 5.04163 (no2) (B214) (8183) 
Test l= - .3564E-01 B95 ) These values are of the order of 
Test 2= - .3187E-01 E100 ) 1/100 of 1 o/o error in the solution 
Test 3= - . 2080806 (2.03) of the simultaneous differential 
equations for sliding. 
Time= 1.19430 Te , 10000 
Xe 7.03024 XD= 5.03647 XDD= «= - , 69383 
%  ~.15662 ZD= ~, LOBL4 ZDD= .OL7T9O 
TH=  .00786 THD: .02027 THDD: -.00310 
FEZS= .26219F 06 WRAT= 003678 VAX= 4.97885 
~, 6396801 
"* 34385 O1 
~. 3576E-06 
Total Time= i. 3 Toe , 20000 
X= 7.53816 XD= 4, 96220 XND= -. 79118 
Lee ~.19736 2D -.40690 ZDD- .OO71L3 
THs . 00987 THD= .01993 THDD= «,0036h 
FR2S= .29387E 06 WRAT: 004123 VAX 4.90635 
«, OS3EOL 
-. 3687E 01 
bt 35 76E-06 
Total Time= 1.394 T= . F000 
= 8.03026 XD= 4.87832 XDD= ~. 88 
Loa -, 23603 XDs ~, LO6E5 ZDD= ~.00193 
Ti= .01185 THD= 01954 THDD< ~, 00415 
FBZS= .32525F OG WRAT= .004563 VAX« 4, 82h35 
-.1299E 00 
~.2937E O1 
~, 4172806 
Total Time= 1.49430 Te: . 40000 
X= 8.51351 XD= 4, 78508 XDD: ~. 9782h 
Zan ~, 27872 ZD- ~. 40722 ZDDs -. 00917 
Tik= .01378 THD= ,O1910 THDD=: ~, 0046) 
FR2S= .356268 O06 WRAT .004998 VAX h. 73311 





‘ 


ee \(eharyelon 
‘. ~~ ver? cos 





-hh3- 


-.1597E 00 

-. 4688E 01 

-.5960E- 06 

Total Time = 1.59430 T = 50000 

Xs 8.98693 XD= 4. 68276 XDD= ~1..06756 
X= ~. 31950 ZDss ~. hobhe ZDD= -. 01453 

TH .01566 THD= 01841 THDD= ~.00510 
FBZS= .38686E 06 WRAT= .005427 VAX= 4. 63268 
-,2139F 00 

«. 3187E 01 

~ 4768E- 06 

Total Tine= 1. 694 T . GCO000 

xq 9. 44977 XD= 4.57167 XDPs_--1..15 384 
Dost ~. 36042 ZD= ~. 41007 ZDD= -.0179 
THs -O1750 THDDs .01808 THDD= ~,00553 
FBZS= .41700E 06 WRAT= .005850 VAX 4.52395 
-.2529E 00 

~,2687E O21 
~-. 59Q0E- 06 

Total Time= 1.79430 Ts . 70000 

Xoo 9.90103 XD= 4.45210 XDD= ~1, 23688 
Doce ~. 40152 ZD= -. 41195 ZDD= -.01943 
TH= .01928 THD= 01751 THDD= ~,00593 
FRZS= .44663E 06 WRATs= ,006266 VAX= 4. hO662 
~.2979E 00 

~ h688E 01 
~. 557b- 06 

Totel Time= 1.89430 , 

X= 10. 33992 XD= 4, 32441 XDD= “1. G4 
Zen ~. 4281 ZDs ~. 41389 ZDD= -.01895 
TH: .02100 TaD= .01689 THDD= ~.00630 
FBZS= .47567E 06 WRAT:« . 00667 3 VAX= 4, 28121 
-. 3604E 00 
~.5187E O21 
~. 59Q0E- 06 

Total Time= 1.99430 Ts ' 

X= 10.766 xXN= 4.18892 XDD= ~1. 39266 
Ve ~. ’Bh29 ZDss -. 41568 ZDD= ~.01657 
Tit 02266 THD= . 01625 THDD= ~, 00664 
FBZS=- .50h07E 06 WRAT: .007072 VAX= 4.14805 





ails. 


~. 4160E 00 

-,3687E O1 

-. 5960E- 06 

Total Time= 2.09430 Te 1. 00000 
X= 11.17745 XD= 4. 04600 XDD= 
Tice - 52593 Z.Dss ~. 41714 ZDD= 
TH= O2h25 - THD= .GE657 THDD= 


FBZS- .531768 06  WRAT: 007460  VAKe 


~. 4692E 00 

-.5187E O21 

~, 4172E- 06 

Total Time= 2.19430 Ts 1.10000 
X= 11.57461 XD= 3.89602 XDD= 
Zee ~. 56770 ZDe ~. 41808 ZDD= 
TH= 02577 THD: OL486 THDD= 


FBZS-  .55867E 06 WRAT; .007838 VAX= 


~.5410E 00 

-6187E Ol 

~,7153E- 06 

Totel Time= 2.29430 Toe 1. 20000 
X= 11.95644 XD= 3.73938 XDD: 
Za =. 60953 ZD= ~. 41834 ZDD= 
Tis .02722 THD= 01412 THDD= 
FEZS= .58473E 06 WRAT .0038203 VAX= 
-,€O50E 00 

-.4€187E O21 

~.5960E- 06 

Total Time= 2. 39430 Pas L. 30000 
X= 12. 32228 XxD= 3.57646 XDD 
Ze ~~. 65134 Z.Des ~, 41775 ZDD= 
TH= 02859 THD= 01337 THDD= 


~ 6641E 00 

~ 4187E Ol 

-.5960E- 06 

Total Time= 2.49430 Te 1. 40000 
X= 12.67153 XD= 3.40768 XDD= 
Z= ~~, 69304 ZD= ~. 42616 ZDD= 
TH .02989 THD= .01259 THDD= 
FBZS: .63400E 06 WRAT= .008894  VAX= 


-1. 46510 
~.01232 
-. CO694 
4 00748 


“1.53374 
- 00630 
~. 00722 
3. 85988 


-1.71576 
.02138 

~, 00784 

3. 37863 





Wh ys 


«.723LE 00 
« 4187E Ol 

~.59Q@0E- 06 

Total Time= 2.59430 Tx 1.50000 
X= 13.00363 XD-= 3.23345 XDD-= 

Zee 2 =~. 73453 ZD= ~. 41343 ZDD-: 
THe .O3111 . THD= .011.80 THDD= 
FBZS: .65707E 06 WRAT= 009218  VAX= 
~.7T9B8E 06 

~ 4187E O01 

~. 3576E- 06 

Total Time= 2.€9430 T.. 1. €&0000 
X= 13. 31806 XD= 3.05419 XDD= 
Z= «77569 ZDex -. hooky  ZDD» 
TH= . 03225 THD= .01099 THDD= 
FBZS= .67900EF 06 WRAT: 009526 VAX= 
-.8623E 00 

-~.5187E Ol 

~,5384E- 06 

Total Time= 2.79430 TT 1.70000 
X= 13.61432 XD= 2.87034 XDD 
Ze: ~, 01638 ZDes ~. YOh10 ZDD= 
TH= .03331 THD: .01018 THDD- 
FBZS= .69972E 06 WRAT: .009816 VAX= 
~.9185E 00 

~ Wi87E OL 

~, 4 7EBE~ 06 

Total Time= 2. 894.30 Te 1.80000 
X= 13.89198 XD= 2.68231 XDD= 

Ze =, C5646 ZDs= ~.39730 ZDD= 
TH= .93429 THD= 00935 THDD= 
FBZS= .71916E 06 WRAT= 010089 VAX= 
-.9795E 00 

-.4387E O1 

~. 3576E- 06 

Total Time= 2.99430 T= 1.90000 
X= 14.15066 XD= 2.49056 XDD= 
Z=  ~-.89578 ZD-= ~. 38897 ZDD= 
T=  .03518 THD THDD= 


FBZS= .73727E 06 WRAT= 


. 3 
,010343 VAX= 


~.00799 
3. 20672 


~1. 93473 
.09102 

~,00831 
2.47262 





~,1033E O01 

~ 4187E OL 

~. 3576E- 06 

Total Time= 

X= 14. 38999 

Qe ~.93420 
TH .03599 
FRZS= .75397E 06 


~,1090E O1 

- 4i87E O21 

~. 2900E- 06 
Total Time= 

X= 14.60966 

a ~<-. 9/155 
T= .03672 
FBZS=a .76921E 06 


~.1140E ol 
-.€187E 01 
~. 3576E- 06 
Total Time= 


TH:  .03736 
FRBZS= .7829E 06 


-~.LI87E 01 

~. 4187E O21 

-, 1788E- 06 
Total TMme= 

X= 1.98906 

Ze -=1.04238 
TH .03792 
FBZS= .79512E 06 


~.1246E O01 
~,4i87E O01 
.11S2E- 06 


TH= 03840 


FBZS= .80568E 06 


WRAT:= 


-yh6- 


Tas 2.00000 
2.29551 xDR- 
~. 3798 ZDD:s 

.00769 THDD= 

.010578 VAX= 

Tos 2.10000 
2.09762 XDD 
-. 36757 ZDD= 

00686 THDD: 
.OLO79L VAK= 

qT: 2. 20000 
1.89732 XDD= 
-. FAL3 ZDD= 

, 00603 THDD= 

.010984  VAK= 

T. 2. 30000 
1. 69505 XDD= 
~. 33966 ZDD= 

.00520 ‘THDD: 
011155 VAXK= 

yi 2. 40000 
1.49126 XDD= 
~. 32328 ZDD= 

. 00438 THDD= 

.011303 VAX= 


“1.943 
. 10699 
~.00833 


2.27962 


jitgy 


_ iy 








~.1275E Ol 
-. 5S187E Ol 
~.1192E- 06 
Total Time= 
X= 15.28728 
Ze 1.10698 
T= 03880 


FBZS= .S1461E 06 


~ 132kE O1 
-.5187E O1 
.2304E- 06 


Ti: . 


03912 
FEZS= .82186E 06 


-,1367E O1 
~ 4187E OL 
-4768E- 06 
Total Time= 
Xe 15.5034) 
Y= 01.16410 
T= 03935 


FBZS= .82740E 06 


~.1377E O1 
-.6187E Ol 
5960E- 06 
Total Time= 
X= 15.58066 
Zax ~1.18948 
TH= 03951 


FBZS= .631236 06 


X= 15.63735 
Zex -1.21255 


TH= $$ .03959 


3.59430 
XD= 
ZDe 
THD= 
WRAT: 


3. 79430 
XD: 
2D 


THD= 
WRAT: 


3189430 
XD= 
ZDe 
TDs 
WRAT 


FBZS= .63332E 06 WRATe 


abl 7 = 


7 hes 2.50000 
1. 28637 XDD= 
~. 30532 ZDD= 
.00357 ‘THDD: 
011428  VAXK= 
Ts 2. 60000 
1.08083 XDD= 
~. 28582 ZDD= 
00276 THDD= 
011530 VAX= 
The 2.70000 
. 87506 XDD= 
~. 26486 ZDD= 
. 00197 THDD= 
, 011608 VAX= 
Ts 2.80000 
. 66949 XDD= 
-, 24250 ZDD= 
.00119 ‘THDD= 
.O11L66l VAK= 
P= a. 
ELS 3 XDD= 
~, 21885 ZDD= 
.000h2  ‘THDD= 
.011691 VAX= 


~2.05284 
.18737 


~. 00309 
1.27962 


~2.05'725 
. 20240 
~. 00799 
1.07568 


-2.05334 
, 23022 
~. 00775 
. 66734 


~2. O45 14 
. 24276 
~, OO7EL 
. 46378 








*.1KI7E 01 
-~.5187E O1 
.B345E- 06 
Totel Time= 
X= 15.67360 
Ze «1.23320 
TH= 


-.1430B 0O1 
-.4187E O1 
.LO73E- 05 
Total Time= 
X= 15.68952 
Yer 91. 25131 
TH= .0393 


FBZS= .832268 06 


~.1462E 01 
-. 4187E OL 
-LE3LE- 05 
Fotal Time= 
X= 15.68523 
Zz -1.26678 
TH= 


-.1454E OL 
~.2188E 01 
.1550B- 05 


~.14k2R OL 
-.4187E O01 
.1550E- 05 


Total Time= 
X= 15. 68661 


Z  -1.26%3 
Tis: 


03960 
FRZS= .83366E 06 


. 03936 
FBZS= .829118 06 


03910 
FBZS= .82950E 06 


4.09430 
XD= 
ZD= 
THD: 
WRAT: 


4.19430 
XD= 
Z0= 


h. 29430 
XD= 
ZD= 
THD: 
WRAT. 


b., 28930 


WRAT: 


4. 284.30 
XD= 
2D= 
THD= 
WRAT: 


-hhS 


T= 3. 00000 
. 26060 xDD- 
~,19399 ZDD= 
~,00033 THDD= 
. 011696 VAX= 
Toa 3.10000 
.05809 XDD 
~. 16804 ZDD= 
-.00107 ‘THDD: 
.O11676 VAX= 
The 3, 20000 
~.14259 XDD= 
~.U4111 ZDD+ 
-.00179 ‘THDD 
.O11632 VAX= 
Te 3.19500 
~, 13260 XDD= 
~. 14248 ZDD= 
~. 00176 THDD= 
011635 VAX= 
The 3.19000 
~.12261 XDD= 
~. 14334 ZDD= 
~, 00172 THDD= 
, 011637 VAX=: 





~.2y51E OL 
-. 4I87EB 021 
.1550E- 05 
Total. Time=- 
X= 15.68719 
Ze ~1.26463 
He 


~. Uyk6E 01 
-.51675 O01 
.1550E- 0 


TH= .039k2 
FBZS= .82908E 06 


~. 1U53E Ol 
~ 4I87E OL 
LAZLE- 05 
Totel Time= 
X= 15.68822 
ge ~1.26317 


TH 03943 
FBZS= .33006E 06 


~.1432E O21 
~.5187E O01 
.LE669E- 05 


03941 
FBZS= _82969E 06 


. 27930 
XD= 


=, 


“» 


i: 3.18000 
10262 XDD= 
14657 ZDD= 
-.00L@ THDD= 
011643  VAX= 
Te 3.17500 
,O9261 XDD= 
~, 14793 ZDD= 
-, OO1L62 THDD= 
OLLEES VAX= 
Ts 3.27000 
0828 XDD= 
14928 ZDDs= 
~. 00158 THDD= 
0121648 VAX= 
qh 3. 6500 
07258 XDD 
1506} ZDD= 
~,0015% THDDs 
,OLLGO VAX= 


“49 - 


T. 3.18500 
, 11262 XDD= 
/U4521 ZDD= 


~, 00169 THDD= 
011640 VAX= 


~2,00075 
. 27196 
~.OO717 
-. 09975 


~2,00287 
. 27108 
-. 00719 
~. 07985 


~2. 00391 
. 27063 
~. 00720 
~ .06990 





-.1Us7E Ol 
~.3187E 01 
-1669R- 05 
Total Time= 

X= 15.68938 
Z= -1.26092 _ 
TH= 03945 


FBZS= .83058E 06 


~-.1452E O01 
-. 4187E O1 
~LRZLE- 05 


TH= . 03946 
FBZS- .83074E 


-.1452E O01 
-4187E O01 
~LRZLE- 05 
Total Time= 
X= 15.68991 
Za -1. 25938 
TH= 03946 
FBzS= .83090E 


~.1425E Ol 
~. 4187E 01 
L4Z1LE- 
Total Time= 
X= 15.69010 
Z= -1. 25861 
TH= .03947 
FBZS= .83106E 


~.1472E Ol 
~,2188E 01 
-131L1LE- 05 
Total Time= 
X= 15.69023 
Za 1.25782 
TH= 03948 
FEZS= .S31L21E 


06 


06 


4, 25430 
XD= 
ZD= 
THD= 
WRAT: 


4.23930 
XD= 
ZD= 
THD= 
WRAT= 


4. 23430 
XD= 
ZD= 
THD= 
WRAT= 


-450- 


Ts 3.16000 
~.06256 XDD= 
-.15199 ZDD= 

~.00151 THDD= 

.011652 VAX= 

Ts 3.15500 
-, 05253 XDD= 
~.15334 ZDD= 

~. 00147 THDD= 

011655 VAX= 

T= 3.15000 
~. 04250 XDD= 
-. 15469 ZDD= 

-, 0014) THDD= 
.011657 VAX= 

T= 3.14500 
~. 03246 XDD= 
-.15603 ZDD= 

~. 00140 THDD= 
.011659 VAX= 

Ts 3.14000 
-, 02242 XDD= 
-.15738 ZDD= 

~.00136 THDD= 

.011661 VAX= 


~2.0049h 
. 27019 
~,.00721 
~.0599% 


~2. 00597 
. 26974 
~.00721 
~. 04997 


~2.00698 
. 26928 
-,00722 
~. 04000 


~2.00799 
. 26883 
~.00723 
-.03003 


~2. 00698 
. 26837 
~.00724 
~.02005 





-W51- 


~,1461E O01 
-,1187E Ol 
LA3ZLE- 05 
Total Tine= 4 22930 T-: 3.13500 
X= 15.69032 XD= -.01237 XDD= ~2.00997 
Y= ~-1.25703 LD ~.15872 ZDD= . 26790 
TH . 03948 THD= -.00133 THDD= -.00725 
FRZS= .S3135E 06 WRAT= .011663 VAXe ~. 01006 
Test 1 = -~.1437E O1 
Test 2= -.6187E 01 
Test 3= .131)5- 05 
State 3 values 
Total Time= 4, 22930 13 3.13500 
X3=  15.69032 XD3= -~.01237 XDD3= 
Z3= “1.25703 ZD3 -.15872 ZDD3= 
TH3= 03948 THD3= -.00133 THDD3= 
FBZ3- .83135E 06 WRAT3= .011663 VAX3= 
GAX3= .1176E 03 48 
GAZ3= =. 11743E «(OL B86) 
Qi= .1186E 03 (192) 
Ale ~-,2788E- 05 
Ble .1629E 03 (8194) 
Che -,1418E 09 
State 4 values 
X= 15. 69032 Zim ~1. 26647 THe 
Vertical Force at Bow = .SBuOkE 06 
White Ratio = 012402 
Extracting Thrust = .31676E 06 


Ratio of Extracting Thrust to Bollard Thrust IS 


- 03940 


(X3)(B1L86)(2193) 
(2195) 
(B21);) 


(B202 ) 
6. 335 
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